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SERIES EDITORS' FOREWORD 

The series Advances in Industrial Control aims to report and encourage technology 
transfer in control engineering. The rapid development of control technology 
impacts all areas of the control discipline. New theory, new controllers, actuators, 
sensors, new industrial processes, computer methods, new applications, new 
philosophies ... , new challenges. Much of this development work resides in 
industrial reports, feasibility study papers and the reports of advanced 
collaborative projects. The series offers an opportunity for researchers to present 
an extended exposition of such new work in all aspects of industrial control for 
wider and rapid dissemination. 

Operating plant as close as possible to constraint boundaries so often brings 
economic benefits in industrial process control. This is the conundrum at the 
heart of this monograph by Tommy Gravdahl and Olav Egeland on stall control for 
compressors. Operation of the compressor closer to the surge line can increase 
operational efficiency and flexibility 

The approach taken by the authors follows the modern control system 
paradigm: - physical understanding, detailed modelling and simulation studies and 
finally control studies. The thoroughness of the presentation, bibliography and 
appendices indicates that the volume has all the hallmarks of being a classic for its 
subject. Despite the monograph's narrow technical content, the techniques and 
insights presented should appeal to the wider industrial control community as well 
as the gas turbine/compressor specialist. 

M.J. Grimble and M.A. Johnson 
Industrial Control Centre 

Glasgow, Scotland, UK 
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CHAPTER! 

COMPRESSOR SURGE AND STALL: 
AN INTRODUCTION 

1.1 Introduction 

In this monograph, results from an investigation on nonlinear compressor 
control where active control is used to stabilize the compressor to the left of 
the surge line are presented. New results within the field of compressor mod­
eling are also included. The work is motivated by the fundamental instability 
problem of surge and rotating stall which limits the range of operation for 
compressors at low mass flows. 

This instability problem has been extensively studied and industrial solutions 
based on surge avoidance are well established. These solutions are based on 
keeping the operating point to the right of the compressor surge line using a 
surge margin. However, there is a potential for 

1. Increasing the efficiency of compressors by allowing for operation closer 
to the surge line than what is the case in current systems, and 

2. Increasing the range of mass flows over which the compressor can op­
erate stably. 

The increase in efficiency and mass flow range is in particular possible with 
compressor designs where the design is done with such controllers in mind. 
This, however, raises the need for control techniques, which stabilize the 
compressor also to the left of the surge line, as disturbances or set point 
changes may cause crossing of the surge line. This approach is known as 

J. T. Gravdahl et al., Compressor  Surge  and Rotating  Stall
© Springer-Verlag London Limited 1999



2 Compressor Surge and Stall: An Introduction 

active surge control. Active surge control is presently an area of very intense 
research activity, and is also the topic of this text. 

In this Chapter, a basic introduction to compressors and compression system 
instabilities will be given. Further, an overwiev over the current state of 
compression system modelling and control will be given. This Chapter is 
organized as follows: 

• In Section 1.2, a basic introduction to axial and centrifugal compressors 
is given. 

• Section 1.3 contains an overview of areas of application of compressors, 
including jet engines, turbochargers and soforth. 

• Surge and rotating stall are described in section 1.4. 

• In Sections 1.5, 1.6 and 1.7, several dynamic models for compression 
systems found in the litterature are presented. 

• Surge avoidance schemes are discussed in Section 1.8, while several 
results on acive surge control are presented in Section 1.9 

• Finally, in Section 1.10, selection of sensors and actuators for active 
surge control is studied. 

1.2 Compressors 

1.2.1 Types of compressors 

Ferguson (1963) defines the function of a compressor as: 

It is the function of a compressor to raise the pressure of a specified mass 
flow of gas by a prescribed amount using the minimum power input. 

Compressors are used in a wide variety of applications. These includes tur­
bojet engines used in aerospace propulsion, power generation using industrial 
gas turbines, turbocharging of internal combustion engines, pressurization of 
gas and fluids in the process industry, transport of fluids in pipelines and so 
on. 

Nisenfeld (1982) divide compressors into four general types: reciprocating, 
rotary, centrifugal and axial. Some authors use the term radial compressor 
when refering to a centrifugal compressor. Reciprocating and rotary com­
pressors work by the principle of reducing the volume of the gas, and will 
not be considered further in this work. Centrifugal and axial compressors, 
also known as turbocompressors or continuous flow compressors, work by 
the principle of accelerating the fluid to a high velocity and then converting 
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this kinetic energy into potential energy by decelerating the gas in diverg­
ing channels. In axial compressors the deceleration takes place in the stator 
blade passages, and in centrifugal compressors it takes place in the diffuser. 
The increase in potential energy of the fluid is manifested by a pressure rise. 
This conversion can be explained from the Bernoulli equation: 

Pi Cr P2 Ci - + - + gZl = - + - + gZ2, 
P 2 p 2 

where P is the pressure, p is the density of the fluid, C is the velocity of 
the fluid and gz the potential energy per unit mass. Subscripts 1 and 2 
denotes properties before and after deceleration, respectively. The equation 
is a special case of the law of conservation of energy developed for flowing 
fluids. Bernoulli's equation states that the sum of kinetic energy ~2 , potential 
energy gz and pressure head ~ at one set of conditions is equal to their sum 
at another set of conditions. Hence, decrease in kinetic energy implies an 
increase in potential energy and pressure. 

One obvious difference between the two types of turbo compressors is that, 
in axial compressors, the flow leaves the compressor in the axial direction, 
whereas in centrifugal compressors, the flows leaves the compressor in a di­
rection perpendicular to the axis of the rotating shaft. Axial compressors can 
accept higher mass flow rates than centrifugal compressors for a given frontal 
area. This is one reason for axial compressors dominance in jet engines, where 
frontal area is of great importance. Another reason for this is that for gas 
turbines, or jet engines, specific fuel consumption decreases with increasing 
pressure ratio. According to (Cohen et al. 1996), the axial compressor, using 
multiple stages, can achieve higher pressure ratio and efficiency than the cen­
trifugal. However, as Cumpsty (1989) states, the efficiency question is not 
altogether clear. 

Here, both types of continuous flow compressor will be studied. According to 
Ferguson (1963), compressors may be known as fans, blowers, boosters, tur­
bochargers, exhausters or compressors, the distinctions between these types 
being vague. Broadly speaking, fans are low pressure compressors and blowers 
are medium-pressure compressors. Boosters, exhausters and turbochargers 
are named from their application. The literature on compressors in general 
is vast, and a basic introduction is given by e.g. Ferguson (1963), Cherkassky 
(1980) or Cohen et al. (1996), and more advanced topics are covered by e.g. 
Greitzer (1985a) or Cumpsty (1989). 

1.2.2 The axial compressor, principles of operation 

A stage of an axial compressor consists of a row of rotor blades and a row 
of stator blades. A single stage, as shown in Figures 1.1 and 1.2, has often 
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a too low pressure ratio (1.1:1 to 1.2:1 according to Mattingly (1996)) for 
most applications. This is due to the limit imposed on the rate of change 
of the crossectional area in a diffusing flow. Therefore, it is very common 
to use multistage axial compressors in which case the compressor consists 
of a series of stages, each having a row of rotor blades and a row of stator 
blades, where the number of stages depends of the desired pressure ratio. 
The flow path in an axial compressor has a decreasing cross-sectional area. 
This decrease is in the direction of flow and is in proportion to the increasing 
density of the gas. In Figures 1.1 and 1.2, the numbers 1,2 and 3 refers to 
the same locations in the compressor. Location 1 is the rotor inlet, location 
2 is rotor exit or stator inlet, and location 3 is stator exit. In these sketches, 
no tangential component of the velocity at the rotor inlet has been drawn. If 
inlet guide vanes are used, the flow is guided into the first stage, and C1 is 
given a suitable tangential component. 

u u - --71u --71--, -71----71 u 

U U ~ 

~~:_I ______ f{ --1_-_ ---f ____ ---~ -

Figure 1.1: Blade rows (Cylindrical cross section). 

The compressor consists essentially of two assemblies: the rotor (spool with 
rotor blades) and the stator (casing with stator blades). The gas is ac­
celerated in the rotor blades, and decelerated in the stator blades, thereby 
converting the kinetic energy gained in the rotor into static pressure. All the 
power is transfered to the gas in the rotor, the stator merely transforms ki­
netic energy to an increase in static pressure with the stagnation temperature 
remaining constant. 
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Figure 1.2: One stage of an axial compressor (Axial cross section). 

The reader is referred to Horlock (1958) and Cohen et al. (1996) for compre­
hensive treatment of axial compressor fundamentals including references. 

1.2.3 The centrifugal compressor, principles of opera­
tion 

The centrifugal compressor consists essentially of a stationary casing con­
taining a rotating impeller which imparts a high velocity to the fluid, and 
a number of fixed diverging passages in which the air is decelerated with a 
consequent rise in static pressure. The latter process is one of diffusion, and 
consequently, the part of the compressor containing the diverging passages 
is known as the diffuser. Figure 1.3 is a diagrammatic sketch of the impeller 
and diffuser of a centrifugal compressor. The impeller is mounted on a shaft 
which is either a direct extension of the drive shaft or a separate shaft sup­
ported by bearings and driven through a coupling. The shaft and impeller 
assembly, called the rotor, are seated in the casing. 

The impeller: 
The fluid is sucked into the impeller eye and whirled round at high speed by 
the vanes on the impeller disc. According to Cohen et al. (1996), at any point 
in the flow through the impeller, the centripetal acceleration is obtained by 
a pressure head, so that the static pressure of the fluid increases from the 
eye to the tip of the impeller. The remainder of the static pressure rise is 
obtained in the diffuser, and it is common to design the compressor so that 
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impeller impeller 

eye (inducer) 

Figure 1.3: Diagrammatic sketch of a radially vaned centrifugal compressor. 
Shown here with a vaned diffuser. 

about half the pressure rise occurs in the impeller and half in the diffuser. 
As no work is done on the fluid in the diffuser, the energy absorbed by the 
compressor will be determined by the conditions at the inlet and outlet of the 
impeller. The flow in the impeller is not completely guided by the vanes and 
hence the effective fluid outlet angle is not equal to the vane outlet angle. To 
account for this deviation, a factor known as the slip factor is used to correct 
the energy transfer calculated from simple one-dimensional theory. 

The diffuser: 
It is more difficult to obtain efficient deceleration of flow than it is to ob­
tain efficient acceleration. If divergence in the diffuser is too rapid, the fluid 
will tend to break away from the the walls of the diverging passage, reverse 
its direction and flow back in the direction of the pressure gradient. This 
may lead to the formation of eddies with consequent transfer of some kinetic 
energy into internal energy and a reduction of useful pressure rise. On the 
other hand, a small angle of divergence will lead to a long diffuser and high 
losses due to friction. In order to carry out the diffusion in as short a length 
as possible, the air leaving the impeller may be divided into a number of 
separate diverging passages separated by fixed diffuser vanes, resulting in a 
vaned diffuser. However, in industrial applications where size may be of sec­
ondary importance a vaneless diffuser may have the economic advantage as 
it is much cheaper to manufacture than the vaned diffuser. A vaneless dif-
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fuser is a simple annular channel, and is therefore also known as an annular 
diffuser, in which the radial velocity component is reduced by area increase 
and the tangential velocity component by the requirement of constant fluid 
angular momentum. If the disadvantage of the annular diffuser is its bulk, 
the advantage is its wide range of operation. A vaned diffuser may have a 
higher peak efficiency than an annular diffuser, but its mass flow range is 
considerable less because of early stall of the diffuser vanes. This will be 
treated in detail in Chapter 5. 

The volute 
The function of the volute (also known as a scroll or a collector) is simply to 

---1----
I I 

Impeller and 
diffusefr 

Figure 1.4: Diagrammatic sketch of centrifugal compressor fitted with a vo­
lute. 

collect the diffuser exit flow, and to guide it as efficiently as possible to the 
compressor outlet, without impeding the effectiveness of the diffuser, (Watson 
and Janota 1982). Volutes are used for industrial gas turbines, turbochargers 
and other applications where size is not of great importance. For aircraft jet 
engines, where volume and frontal area are important, other solutions are 
used. 
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1.3 Application of compressors 

1.3.1 Gas turbines and jet engines for propulsion and 
power generation 

A gas turbine consists of a compressor, combustion chamber and turbine. 
The compressor provides a certain pressure rise to the working fluid, which is 
usually air. In the combustion chamber, fuel is burned in the compressed air 
and thus raising the temperature. Expansion over the turbine then produces a 
useful power output in addition to the power needed to drive the compressor. 
A simple gas turbine is sketched in Figure 1.5. Gas turbines are used in a 
variety of applications, such as electricity production, aircraft propulsion and 
marine propulsion. 

air 

Fuel 

shaft 

Compressor 

Combustion 
chamber 

Turbine 

Figure 1.5: Sketch of simple gas turbine. 

exhaust 

Power output 

The first gas turbine to deliver positive (excess) power was constructed by 
the Norwegian JEgidius Elling in 1903, (Johnson and Mowill 1968). Accord­
ing to Johnson (1985), his machine used a six stage centrifugal compressor 
with variable-geometry diffusers and water injection between stages. The gas 
turbine produced 8 kW of power. Elling patented his first gas turbine con­
cept in 1884, and several more during the first three decades of the twentieth 
century. In 1933, Elling wrote: "When, in 1882, I started work on the gas 
turbine, it was with aeronautics in mind and I firmly believe that aeronautics 
is still waiting for the gas turbine", (Johnson 1985). 
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Aircraft propulsion 

According to the foreword by Hans von Ohain in Mattingly (1996), several 
gas turbine concepts intended for aircraft propulsion were patented during the 
first two decades of the twentieth century, but the aircraft industry was yet 
not ready for this technology. One problem was finding materials that could 
withstand the high temperatures of the gas turbine, and another was the 
too-slow speed capability of the aerovehicles of that time, (Mattingly 1996). 
Therefore, the first patent of a turbojet engine, which was later developed, 
produced and used for aircraft propulsion was that of Frank Whittle in 1930. 
Independent of this, Hans von Ohain patented a jet engine in 1935. The 
first flight powered by a gas turbine took place on August 27, 1939, when the 
He-178 aircraft flew using a He.S3B jet engine constructed by von Ohain. On 
May 15, 1941 the Gloster-Whittle E28/39 took off using Whittles jet engine.1 

In Mattingly (1996), several types of gas turbine engines or jet engines are 
distinguished: turbojet, turbofan, turboprop and turboshaft. The essential 
component of these engines is the gas generator, which consists of a (multi­
stage) compressor, combustion chamber and (mUltistage) turbine, as shown in 
Figure 1.5. The purpose of the gas generator is to produce high-temperature 
and high pressure gas. By adding a inlet and nozzle to the gas generator, a 
turbojet can be constructed, as shown in Figure 1.6 a). The first gas tur­
bines by von Ohain and Whittle were turbojets, and since then there has 
been an enormous development in construction and development of turbo­
jets, especially for propulsion of military aircraft. The thrust of a turbojet 
is developed by the acceleration of the exhaust flow through the nozzle. A 
gas generator that drives a propeller, as sketched in Figure 1.6 b), is known 
as a turboprop engine. In a turboprop the total thrust is achieved through 
a combination of the thrust from the propeller and the thrust from the ex­
haust in the nozzle. Turboprops are used for low-speed aircraft. A turbofan 
is shown in Figure 1.6 c). Here, the turbine also powers a ducted fan (low 
pressure ratio compressor) placed in front of the compressor. Part of the 
airflow is bypassed the gas generator and forms an annular propulsive jet of 
cooler air surrounding the hot jet. This results in a jet of lower mean velocity 
and lower thrust specific fuel consumption (fuel mass flow per unit thrust), 
(Mattingly 1996). The bypass also significantly reduces exhaust noise. The 
turboshaft, as shown in Figure 1.6 d), is used in helicopters. In this case the 
turbine drives the main and tail rotors of the helicopter through a complex 
gear-box and frequently two engines are coupled to a single rotor, (Cohen et 
al. 1996). 

lWhittle (1953) claims that the He-178 flew for only ten minutes and never flew again, 
and that no other jet aircraft flew before the Gloster-Whittle E28/39. On the other hand, 
in the foreword of Mattingly (1996), von Ohain claims that in addition to the August 27 
1939 flight, the He.S3B flew again on November 1st the same year, and the He-280 flew 
using two He.S8A engines in late March 1941. 
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A wide variety of jet engines can be found among the four types described 
above. Centrifugal or axial compressors or both may be used, the engine can 
have one or several spools and free power turbines and afterburners may be 
fitted. There are also variations in how many compressor and turbine stages 
the engines may have. 

0( Gas--
generator ozzle 

Inlet 

~C 

a} 

Fan 
~ 

/ 
Driveshaft 
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Figure 1.6: Different types of gas turbine type of engines for aircraft propul­
sion. a) Turbojet, b) Turboprop, c) Turbofan, d) Turboshaft 

Marine propulsion 

Gas turbines are used for propulsion of both military and commercial ma­
rine vessels. Usually, the gas turbines employed are aeroderivatives, that is, 
modified versions of gas turbines designed for aircraft propulsion. Commer­
cial ships using gas turbines include yachts, fast ferries, fast cargo ships and 
recently also cruise liners. A disadvantage of the gas turbine in naval use is 
its poor specific fuel consumption at part load. To overcome this, gas tur­
bines are used in combined power plants together with steam turbines, diesel 
engines and other gas turbines. 

The main advantage for using gas turbine propulsion for high speed craft is 
the low weight of a gas turbine compared to a diesel engine. Other advantages 
of gas turbine propulsion include the possibility for very low environmental 
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emissions, the high reliability inherited from the aircraft engines, size, and 
availability. It is easier to replace a lightweight gas turbine than a large diesel 
engine. 

In other areas of transportation (railroads, trucks, cars, etc) the gas turbine 
has been considered without making any real impact. The major problem 
being the part-load fuel consumption, (Cohen et al. 1996). 

Power generation 

Gas turbines are widely used in industrial power plants or to drive other 
equipment. Both aero derivatives and heavy-duty gas turbines specifically de­
signed for industrial purposes are used. Power plants that produce electricity 
using gas turbines were earlier used for peaking and emergency applications. 
However, today it is more usual to use such powerplants for base-load duty. 
Gas turbines are also widely used in combined cycle (CC) plants in com­
bination with steam turbines or diesel engines. Another major market for 
electricity generation is the provision of power for off-shore oil and gas pro­
duction platforms. Gas turbines also find use in combined heat and power 
(CHP) plants (also known as cogeneration plants) plants, where a combined 
production of heat and power takes place. Different types of CC and CHP 
plants are discussed by Ordys et al. (1994). 

Numerous papers and textbooks have been written on gas turbines, see e.g. 
Whittle (1981), Cohen et al. (1996) or Mattingly (1996). 

1.3.2 Compression in the process industry 

Compressors are used for many different purposes in a wide variety of in­
dustrial processes. Examples are refrigeration systems for low-temperature 
distillation, ammonia production, urea production, nitric acid production and 
oil-gas separation on offshore production platforms, (Balchen and Mumme 
1988). Many types of compressors are used in this industry, but among the 
most important are centrifugal compressors. 

1.3.3 Transportation of gases and fluids in pipelines 

Compressors are often used to provide the pressure differential needed to 
move gases through chemical processes and fluids through pipelines. Pipeline 
compressors operate with high flows and low compression ratios. According 
to Pichot (1986), a usual compression ratio for this application is 1.1 - 1.3 
for single impeller compressors operating in series, and slightly higher for 
compressors operating in parallel. 
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A major difference between liquids and gases is that for most practical pur­
poses most liquids can be assumed to be incompressible. Therefore, the 
dynamic characteristics of a gas are very different from those of a liquid even 
though the static characteristics are similar. Pressure buildup can be very 
fast in a liquid system, and very slow in a gas. The pressure effect in a long, 
small-diameter pipe is distributed along the pipe, requiring analysis by the 
means of partial differential equations. For an overview on this subject, see 
Thorley and Tiley (1987). 

Pumps and compressors used for transportation can be driven by electrical 
motors or gas turbines. For natural gas transmission pipelines, it is usual 
that the compressors are powered by gas turbines. The reason for this is 
that the turbines use the fluid being pumped as fuel. According to Cohen et 
al. (1996), a typical pipeline might consume 7-10 per cent of the throughput 
for compression purposes. A schematic drawing of a pipeline compressor 
powered by a gas turbine with a free power turbine is shown in Figure 1.7. 
The gas turbine is fed with fuel from the pipeline. 
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Figure 1. 7: Pipeline compressor powered by gas turbine. 

1.3.4 Supercharging of internal combustion engines 

Another area where compressors are used is in supercharging of internal com­
bustion engines. Watson and Janota (1982) defines supercharging as the in­
troduction of air (or air/fuel mixture) into an engine cylinder at a density 
greater than ambient. The maximum power a given IC engine can deliver is 
limited by the amount of fuel that can be burned. This again, is limited by 



1.3 Application of compressors 13 

the amount of air that is introduced into the cylinder each cycle. By increas­
ing the density of the air prior to injection into the cylinder, the power of the 
engine will be increased. Due to the different nature of spark ignition (petrol) 
engines and compression ignition (diesel) engines, turbocharging was earlier 
mostly used on diesel engines. This is due to problems with engine knock 
in petrol engines if the cylinder pressure is too high. However, this problem 
can be remedied by the use of exhaust waste gates and a number of other 
techniques. According to Heywood (1988) the term supercharging refers to 
all methods of increasing the inlet air pressure: Mechanical supercharging, 
one and two stage turbocharging with or without intercooler, engine driven 
compressor and turbocharger and turbocomponding. 
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Figure 1.8: A turbocharged engine with constant pressure turbocharging. 

I 
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The most common method of supercharging is turbocharging. The principle 
is shown in Figure 1.8: The high energy exhaust flow is used to drive a tur­
bine, which in turn powers the compressor which compresses the intake air. 
The compressor and turbine form a self-contained unit: The turbocharger. 
Two different approaches can be distinguished, constant pressure turbocharg­
ing and pulse turbocharging. In constant pressure turbocharging, a large 
chamber is connected to the exhaust manifolds of all the engines cylinders. 
This causes the flow to the turbine to be essentially steady (constant pres­
sure). The pulse method on the other hand, employs no such chamber, and 
the turbine operates with varying pressure. The idea is to utilize the high 
kinetic energy of the exhaust leaving the cylinder. 
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1.4 Stability of Compression Systems 

The useful range of operation of turbocompressors, both axial and centrifugal, 
is limited, by choking at high mass flows when sonic velocity is reached in 
some component, and at low mass flows by the onset of two instabilities 
known as surge and rotating stall. Traditionally, surge and rotating stall have 
been avoided by using control systems that prevent the operating point of the 
compressions system to enter the unstable regime to the left of the surge line, 
that is the stability boundary. A fundamentally different approach, known 
as active surge/stall control, is to use feedback to stabilize this unstable 
regime. This approach will be investigated in this book, and it will allow for 
both operation in the peak efficiency and pressure rise regions located in the 
neighborhood of the surge line, as well as an extension of the operating range 
of the compressor. 

Compression systems such as gas turbines can exhibit several types of insta­
bilities: combustion instabilities, aeroelastic instabilities such as flutter, and 
finally aerodynamic flow instabilities, which this study is restricted to. 

As mentioned, two types of aerodynamic flow instabilities can be encountered 
in compressors: surge and rotating stall. The instabilities limit the flow range 
in which the compressor can operate. Surge and rotating stall also restrict 
the performance (pressure rise) and efficiency of the compressor. According 
to de Jager (1995) this may lead to heating of the blades and to an increase 
in the exit temperature of the compressor. 

1.4.1 Surge 

Surge is an axisymmtrical oscillation of the flow through the compressor, and 
is characterized by a limit cycle in the compressor characteristic. An example 
of such a characteristic is shown as the S-shaped curve in Figure 1.9. The 
characteristic show the pressure rise over the compressor as a function of 
the mass flow. The dotted segment of the curve indicates that this section 
usually is an approximation of the physical system, as it is difficult to measure 
experimentally. Surge oscillations are in most applications unwanted, and can 
in extreme cases even damage the compressor. As discussed by Erskine and 
Hensman (1975) and Greitzer (1981), surge can also induce vibrations in 
other components of the compression system, such as e.g. connected piping. 
It is common to distinguish between at least two different types of surge: 1) 
Mild/Classic surge and 2) Deep surge. A combination of surge and rotating 
stall is known as modified surge. For more information on different types 
of surge, consult Greitzer (1981) or de Jager (1995). According to Whittle 
(1953), surge was recognized as a serious problem in designing compressors 
already in the first jet engine designs. 
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Surge is essentially a one-dimensional phenomenon with an unsteady, but 
circumferentially uniform, annulus-averaged mass flow. This holds for fully 
developed surge, but is not the case during the initial surge transient. Ac­
cording to Cumpsty (1989), one of the most damaging effects of surge in high 
pressure ratio axial compressors is the very large transverse load placed on 
the rotor and the casing because of non-axisymmetric surge. This may lead 
to severe blade rubbing and then a range of further damage. The origin of 
this non-axisymmetry is that in the initial phase of surge, the reverse flow 
has to grow from some initiation point and the axial length of the compressor 
is likely to be considerably less than the circumference. Mild/classic surge is 
a phenomenon with oscillations in both pressure and flow in the compressor 
system, while in deep surge, the mass flow oscillations have such a large am­
plitude, that flow reversal occurs in the compression system. A drawing of a 
typical deep surge cycle is shown in Figure 1.9. The cycle starts at (1) where 
the flow becomes unstable. It then jumps to the reversed flow characteristic 
(2) and follows this branch of the characteristic until approximately zero flow 
(3), and then jumps to (4) where it follows the characteristic to (1), and the 
cycle repeats. 

pressure rise 

(1) 

(4) 

(3) 
compo char. 

mass flow 

Figure 1.9: Compressor characteristic with deep surge cycle, de Jager (1995). 

The mechanism behind surge can be explained as follows (Watson and Janota 
1982). First, consider a compressor operating between two constant pressure 
reservoirs. The compressor is equipped with a downstream throttle valve. 
First the compressor operates at point A on the compressor characteristic of 
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Figure 1.10. Imagine a sudden disturbance, in the form of partially closing 
the throttle valve and thereby temporarily reducing the flow (not beyond the 
maximum of the characteristic). This results in an increase in the delivery 
pressure from the compressor and a reduction in compressor flow. The in­
creased delivery pressure encourages a larger mass flow through the throttle, 
reducing compressor delivery pressure and increasing compressor flow. This 
is therefore self compensating, an inherently stable system. 

Now, consider the compressor operating at point B on the compressor charac­
teristic of Figure 1.10. A reduction in mass flow would now result in reduced 
compressor delivery pressure reducing flow though the throttle, moving the 
operating point further and further to the left. Eventually, the mass flow 
reduction would be so great that the pressure upstream of the throttle falls 
below the compressor delivery pressure (whose minimum is given by the cen­
trifugal pressure rise at zero flow, point C). Mass flow will then increase 
until the system is drawn back to operating point B, and the whole cycle 
repeat. This discussion also shows that operating points with positive com­
pressor characteristic slope are unstable and operating points with negative 
compressor characteristic slope are stable. Surge can occur in both axial and 

Pressure 

B 

c 

Mass flow 

Figure 1.10: Compressor characteristic. 

centrifugal compressors, and as pointed out above, positive compressor char­
acteristic slope is a necessary condition for surge to occur. For centrifugal 
compressors, the components are strongly coupled and it is the combined 
effect of the various components of the compressor that determine the sys­
tem instability. The system instability is influenced by the matching of the 
components such as the impeller, diffuser and volute. 

Dean (1974) studied a basic compression system with centrifugal compressor, 
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plenum and throttle. For this case the flow is stable if 

8PR <0 
8m - , 

17 

(1.1) 

where PR is is the overall compressor total-to-static pressure ratio and m is 
the mass flow rate. The pressure ratio is the product of the pressure ratios 
of the n individual components such that 

n 

(1.2) 

where PR1 could be the pressure ratio of the impeller and so on. Now, the 
stability criterion (1.1) can be written 

8PR = PRt _1_8PRi ~ PRtSPi ~ O. (1.3) 
8m i=1 P Ri 8m i=1 

Components for which SPi is positive are destabilizing and those for which 
it is negative are stabilizing (Cumpsty 1989). There is much variation in the 
literature on determining which component is the most important contribu­
tor to instability. Elder and Gill (1985) found that the semi-vaneless space 
between the impeller and the diffuser has the most negative SP, whereas in 
Fink et al. (1992) found that it was the vaneless diffuser while Dean (1974) 
the vaned diffuser. Wo and Bons (1994) carried out a detailed component­
by-component stability analysis of a centrifugal pump and found the most 
destabilizing component to be the vaneless pipe diffuser. Similar results were 
found by Hunziker and Gyarmathy (1994) who found that the diffuser chan­
nels play an inherently destabilizing role while the impeller and the diffuser 
inlet are typically stabilizing. 

The frequency of surge oscillations are typically much less (more than an 
order of magnitude) than those associated with rotating stall. Experiments 
done by e.g. Hansen et al. (1981) or Pinsley et al. (1991) show that the 
surge frequency is of the same magnitude as the Helmholtz frequency of the 
system. According to Willems (1996), the surge frequency during deep surge 
(surge with flow reversal) is normally well below the Helmholtz frequency 
since it is set by the plenum filling and emptying time. The surge frequency 
decreases with increasing rotational speed and increasing positive compressor 
characteristic slope. 

1.4.2 Rotating Stall 

Rotating stall can occur in both axial and centrifugal compressors. Although 
rotating stall is known to occur in centrifugal compressors, see e.g. Em­
mons et al. (1955), there exists little theory on the subject, and according to 
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de Jager (1995) its importance is still a matter of debate. Here, only rotat­
ing stall in axial compressors will be considered, and when it is referred to 
rotating stall it is to be understood that an axial compressor is considered. 

Rotating stall is an instability where the circumferential flow pattern is dis­
turbed. This is manifested through one or more stall cells of reduced, or 
stalled, flow that propagate around the compressor annulus at a fraction of 
the rotor speed. Following Greitzer (1980), the stall cell propagation speed 
may be 20-70% of the rotor speed. Cumpsty and Greitzer (1982) derived 
a model for stall cell speed, showing that stall cell speed increases with in­
creasing number of compressor stages. Rotating stall leads to a reduction of 
the pressure rise of the compressor, and in the compressor map this corre­
sponds to the compressor operating on the so called in-stall characteristic, 
see Figure 1.12. 
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Figure 1.11: Physical mechanism for inception of rotating stall, Emmons 
et.al. (1955). 

The basic explanation of the rotating stall mechanism was given by Emmons 
et al. (1955) and can be summarized as follows. Consider a row of axial com­
pressor blades operating at a high angle of attack, as shown in Figure 1.11. 
Suppose that there is a non-uniformity in the inlet flow such that a locally 
higher angle of attack is produced on blade B which is enough to stall it. The 
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flow now separates from the suction surface of the blade, producing a flow 
blockage between Band C. This blockage causes a diversion of the inlet flow 
away from B towards A and C, resulting in a increased angle of attack on C, 
causing it to stall. Thus the stall cell propagate along the blade row. 

It is common to distinguish between at least two types of rotating stall, full­
span and part-span. In full-span stall, the complete height of the annulus 
is stalled, while in part-span rotating stall a restricted region of the blade 
passage is stalled. Full-span stall is most likely to occur in high hub/tip ratio 
axial compressors, and according to Giannissis et al. (1989) part-span stall 
is more relevant to high-speed multistage compressors. There can be various 
degrees of rotating stall depending of the size of the area of the compressor 
annulus being blocked. In addition to the problem related to reduced pressure 
rise due to rotating stall, there is also the problem of vibrations in the blades 
as stall cells rotate at a fraction of rotor speed. Thus, the blades passes in 
and out of regions of stalled flow which can, according to Horlock (1958), 
Greitzer (1981) and Pinsley et al. (1991), induce vibrations in the blades. 
Moreover, if a natural frequency of vibration of the blades coincides with the 
frequency at which the stall cell pass a blade, the result is resonance and 
possible mechanical failure due to fatigue. 

Another consequence of rotating stall is the hysteresis occurring when trying 
to clear the stall by using the throttle. This phenomenon is depicted in 
Figure 1.12, and might be described in the following manner: Initially the 
compressor is operating stably (1), then a disturbance drives the equilibrium 
over the surge line resulting in rotating stall, and a operating point on the 
low pressure in-stall2 characteristic (2). By opening the throttle to clear 
the stall, a higher throttle opening than initially (3) is required, before the 
operating point is back on the stable compressor characteristic (4). There 
are several degrees of the severity of this hysteresis. This depends on the so 
called skewness of the compressor characteristic. This is treated in detail by 
Wang and Krstic (1997 a), Sepulchre and Kokotovic (1996) and Protz and 
Paduano (1997). 

It should be noted that although rotating stall is not considered important 
for centrifugal compressors, see e.g. Day (1994) and de Jager (1995), it 
can nonetheless occur in these machines, (Willems 1996). In fact, the first 
report of rotating stall was in a centrifugal compressor, (Cheshire 1945). 
Watson and Janota (1982) states that rotating stall mayor may not lead 
to stage instability, but can introduce aerodynamically induced vibrations 
resulting in increased noise level. Normally the compressor can operate quite 
stably, although some of its components may be in a mode of stall. Cumpsty 
(1989) claims that this tolerance to stalled regions is largely due to that so 

2 A technique for extracting the in-stall characteristic for an axial flow compressor is 
presented by Lorenzo et al. (1986) 
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Figure 1.12: Schematic drawing of hysteresis caused by rotating stall. Solid 
lines represent stable equilibria and dotted lines represent unstable equilibria. 
The dashed lines are the throttle lines for the onset and clearing of stall. 

much of the pressure rise is being produced by centrifugal effects which will 
occur even in the presence of rotating stall cells or other forms of separated 
flow. However, at some point where the stall becomes severe, it may induce 
stage instability and surge, (Watson and Janota 1982). This is confirmed 
experimentally by Fink et al. (1992) who found that impeller stall initiated 
deep surge in a high-speed single-stage centrifugal compressor. 

1.4.3 Other instabilities 

Several other instabilities can be encountered in compression systems. Exam­
ples are combustion instabilities in gas turbines, aeroelastic instabilities such 
M flutter, mass flow and pressure oscillations (buzz) in supersonic intakes dif­
fusers, self-exited lateral vibrations (rotor whirl), instabilities in two-phase 
flow systems and so on. A thorough review of such instabilities (in addition 
to surge and rotating stall) can be found in Greitzer (1980) and Cumpsty 
(1989). They will, however, not be treated further in this text. 
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1.5 Previous work on modeling of axial com­
pression systems 

1.5.1 Why model compression systems? 

One answer to this question is: 

The development of a suitable control system requires a 
deep understanding of the transient behavior of the gas tur­
bine to be controlled, particularly for new types of engines 
where no previous experience exists. If a mathematical 
model or "simulation" describing the engine dynamics 
is constructed and stored in a suitable computer, it can 
provide designers of gas turbines with an extremely versa­
tile tool with which to investigate a wide variety of problems. 

"Gas Turbine Theory" 
Cohen, Rogers and Saravanamuttoo (1996) 

This quote can be extended to include other compression systems than gas 
turbines, such as turbochargers, pipeline compressors and so on. As surge 
and rotating stall are possibly hazardous phenomena, it would be fortunate 
to have mathematical models to use for control design before actually testing 
control algorithms on full scale compressors. This is of course a cost-issue, 
it is very much cheaper to crash a simulation program than an actual gas 
turbine, or to put it in the words of Onions and Foss (1982): "Suitable simula­
tions allow more cost effective and wider insight into the problems, including 
exploration of the extreme limits of the engine operating range without risk". 
Experimental investigations are, according to Saravanamutto (1982), essen­
tial but very costly and potentially dangerous. The use of mathematical 
models can give a deep insight into engine transient behavior, and can, if 
properly used, significantly reduce the need for experimentation. 

In the case of aircraft propulsion, it is of major interest to be able to predict 
unstable operation of the compressor using a mathematical model. This 
is due to the fact that if the compressor enters rotating stall, it may be 
necessary to shut down the engine and restart it. This scenario is also known 
as nonrecoverable stall or stall stagnation and is described by Stetson (1982). 

Badmus et al. (1991) classified the available compressor models as either one­
dimensional or two-dimensional, corresponding to the assumed dimensional­
ity of the underlying fluid flow. Both classes of models have the capability 
to accurately predict and model compressor surge. However, only the two­
dimensional models are capable of predicting rotating stall per se, as rotating 
stall is inherently a two dimensional phenomenon. An early contribution to 
rotating stall analysis was given by Takata and Nagano (1972), and Longley 
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(1994) presented a review of different approaches to modeling the non-steady 
fluid dynamics associated with two-dimensional compressor flow fields. One­
dimensional models are capable only of predicting and modeling the state 
of rotating stall as a condition of steady, greatly reduced, annulus-averaged 
compressor mass flow. 

1.5.2 The model of Greitzer (1976) 

Although dynamic models of basic compression systems (as shown in Fig­
ure 1.13) have been available since 1955 as derived in the paper by Emmons 
et al. (1955), a major step forward in this field was made in 1976 when a 
nonlinear dynamic model for a basic axial compression system was presented 
by Greitzer (1976a). In this context, a basic compression system consists 
of a (axial or centrifugal) compressor with ducting working between a large 
constant pressure reservoir (ambient) and a plenum volume containing com­
pressible gas. The plenum volume discharges through a throttle valve into 
another large reservoir. This basic compression system can be regarded a 
very simple model of a gas turbine, where the plenum plays the role of the 
combustion chambers and the throttle resembles the turbine. A major draw-

Compressor Plenum T hrottle 

1 I 
Vp .... Lc Lt 

Figure 1.13: Basic compression system 

back of earlier models such as the one by Emmons et al. (1955) was that they 
were linearized, and therefore fundamentally unable to describe the large am­
plitude pulsations encountered during a surge cycle due to their restriction 
to small perturbations from an equilibrium. Before the results of Greitzer 
(1976a), it was known that surge tend to occur for high speeds and large 
plenum volumes, and rotating stall for lower speeds and smaller volumes, 
but no systematic rules had been developed for determining which instability 
the compressor would enter. This was finally answered by Greitzer (1976a) 
by introduction of the celebrated Greitzer's B-parameter 

B - U _URfP 
- 2WHLc - 2a AcLc' (1.4) 
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where U is the mean rotor velocity, WH is the Helmholtz resonator frequency, 
Le is the effective compressor and duct length, Vp is the plenum volume and 
Ae is the flow-through area. 

By modeling the compressor and throttle as actuator discs, assuming low 
Mach numbers and low pressure ratios compared to ambient, Greitzer pro­
posed the model: 

d~ 
B(we(~) - w) (1.5) -

d~ 
d~T B 

(1.6) -- G(W-WT(~T)) 
d~ 
dw 1 

(1. 7) - B (~ - ~T(W)) 
d~ 

dW e 1 
(1.8) -- ~(WC,88 - we), 

d~ T 

where all variables have been nondimensionalized and ~ is the compressor 
mass flow, We is the com pressor pressure rise, W is the pressure difference 
across the duct, ~T is the throttle mass flow, G = z;t; is a constant, WT 

is the throttle pressure drop, ~ is time, 7" is the compressor time constant 
and We,88 is the (nonlinear) steady-state compressor pressure rise character­
istic. Mass flows have been normalized using pU Ae , pressure differences using 
~pU2 and time using w~. Equations (1.5)-(1.8) constitute, respectively, the 
momentum balance for the compressor ducting, the momentum balance for 
the throttle ducting, the mass balance for the plenum, and the relaxation 
equation describing the compressor response to departure from steady state. 
By assuming small inertial forces in the throttle duct (G is small) and consid­
ering the compressor pressure rise to be quasi-steady (7" is small), a simplified 
model can be found found: 

d~ 

d~ 
dw 
d~ 

B(we(~) - w) 

1 
B(~ - ~T(W)) 

(1.9) 

The nonlinear dynamic model (1.9) has been used by numerous authors for 
surge control design. The main contribution of Greitzer (1976a) is the finding 
of the B-parameter and showing that B > Berit leads to surge and B < Berit 
leads to rotating stall. These findings were also verified experimentally using 
a three stage axial compressor in the companion paper Greitzer (1976b). 

The Greitzer model is also studied in Oliva and Nett (1991), where essen­
tially arbitrary compressor and throttle characteristics were considered. As 
a consequence of this more general approach, an explicit characterization of 
the way in which the nonlinear dynamical behavior exhibited by the model 
depends on the compressor and throttle characteristics was obtained. 
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Stability analysis of the Greitzer model 

The stability of the basic compression system can be studied by analyzing 
the nonlinear surge model (1.9). When linearizing (1.9), the following model 
is found 

( ! ) = (B;c --Bt) ( : ) , (1.10) 

'---""v----' 
A 

where ac and aT are the slopes of the compressor characteristic and the 
throttle pressure drop characteristic, respectively. Such a linear surge model 
was also studied by Stenning (1980). The eigenvalues of the matrix A of 
equation (1.10) are found by solving the characteristic equation 

>.2 + (_1 _ Bac) >. + (1 -~) = 0, 
BaT aT 

(1.11) 

with respect to >., which gives 

- (_1 _ Ba ) ± )(_1 _ Ba )2 - 4 (1 _ .!!£.) 
BaT c BaT c aT 

>. = -------'---2-------- (1.12) 

The expression for the eigenvalues reveals that the stability boundary is set 
by a relation between the slope of the compressor characteristic, the slope 
of the load line, and the Greitzer B-parameter. By examining (1.11), it is 
seen that the system is unstable if either of the two bracketed expressions are 

negative. If (1 - ~) < 0, that is the slope of the compressor characteristic 
is steeper than the slope of the throttle line, the system is statically unstable. 

This is illustrated in Figure 1.14 (point A). If (B~T - Bac) < 0 the sys­

tem is dynamically unstable (point B in Figure 1.14). The point of dynamic 
instability is usually located just to the left of the peak of the compressor 
characteristic. As can be seen, the condition for dynamic instability is de­
pendent on B, so for given compressor and throttle characteristics, changing 
the value of B can considerably alter the damping and hence the system dy­
namic response. If the dimension-full version of the Greitzer model is used, 
the following characteristic equation is found, Greitzer (1985b): 

(1.13) 

where wk is the Helmholtz frequency. From (1.13) it can be concluded 
that the Helmholtz frequency is equal to the resonance frequency of the 
compressor-plenum subsystem at the top of the compressor characteristic, 
Willems (1996). 
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The use of the terms dynamic stability and static stability is common in the 
compressor literature. Static stability implies that the states of the system 
continually increase, that is the equilibrium of the linear model (1.10) is either 
a saddle or an unstable node. Dynamic instability implies that the states 
oscillates with continually increasing amplitude, that is the equilibrium is an 
unstable focus. This is studied in more detail in Appendix A. 

As a rule, stall and surge occur at the local maximum of the compressor 
characteristic or at a point of the compressor characteristic with a certain 
positive slope. The surge point will be located some small distance to the 
left of the peak. This is an approximation of the condition for dynamic 
instability. According to Cumpsty (1989), the peak of the compressor char­
acteristic provides a convenient working approximation for the surge point. 
The same conclusion is drawn by Stenning (1980), where it is also pointed 
out that rotating stall occurs at the peak of the compressor characteristic. 

Pressure rise 

Compressor 
pressure rise 

I 

Throttle lines 

Mass flow 

Figure 1.14: Statically unstable (A), dynamically unstable (B), and Stable 
(C) operating points. 

In the case of turbochargers for internal combustion engines, the pressure 
downstream of the compressor is fluctuating due to the periodic suction 
strokes of the pistons. As a result, even though the mean mass flow rate 
might lie to the right of the surge line calculated when considering steady 
conditions downstream of the compressor, the minimum mass flow rate (at 
the peak ofthe pulse) may cause surge to develop. Watson and Janota (1982) 
conclude that fluctuating pressure downstream of the compressor can cause 
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the surge line to shift towards larger mass flow rates. 

Another approach frequently used to investigate stability of compression 
systems is bifurcation analysis, which will be presented at the end of Sec­
tion 1.5.3. 

1.5.3 The model of Moore and Greitzer (1986) 

While the model of Greitzer (1976a) is capable of simulating surge oscil­
lations, rotating stall is manifested as a pressure drop. Motivated by the 
problems of nonrecoverable stall in gas turbines and the results of Moore 
(1984c), Moore and Greitzer (1986) proposed a model for multi-stage ax­
ial compressors describing the post-stall behavior of a compression system, 
where rotating stall (that is, disturbed flow coefficient) is included as a state. 
The model is capable of describing post-stall transients, that is transients 
subsequent to onset of compression system instabilities, associated with both 
surge and rotating stall. 

Following Willems (1996), the Moore-Greitzer model is derived as follows. 
Using a stage-by-stage approach, the fluid dynamics in the inlet and exit 
compressor duct, inlet and exit guide vanes and each compressor stage, i.e. 
one stator-rotor combination, are combined in the local momentum balance. 
Furthermore, the annulus-averaged momentum balance and the mass balance 
of the plenum are applied to describe the dynamic behavior of the compres­
sion system. By normalizing pressures with pU2 , time with U / R and mass 
flows with pU A c , a set of three coupled nonlinear differential equations, one 
partial and two ordinary, are found: 

dlJ! 

d~ 

diP 

d~ 

8Y 
8~ 

where ~ is nondimensional time, () is the circumferential coordinate and 
Y(~, ()) is a disturbance velocity potential that represents the nonaxisym­
metric flow disturbances, the stall cell. By using a Galerkin approximation 
assuming a single-term harmonic wave approximation for the disturbance 
velocity potential and a third order polynomial compressor characteristic 

IJ! c( iP) = IJ! cO + H (1 + ~ ( ! _ 1) _ ~ (! _ 1) 3) , (1.15) 
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the Moore-Greitzer model is found as: 

~ 

c) = 

j = 

where J = A2 and A (the rotating stall amplitude) is the time varying 
amplitude of the harmonic wave approximation 

y = W A(O sin(O - r(~)) (1.17) 

for the disturbance velocity potential. The rest of the notation is explained 
in Section 2.2.1. A more detailed study of the Moore-Greitzer model is un­
dertaken in Chapter 4, where the model is extended to include time varying 
spool speed. 

Although the Moore-Greitzer model is very simple compared to the rather 
complex phenomena it models, it has been successfully compared to exper­
imentally results, see Greitzer and Moore (1986). In particular it was con­
firmed that small values of B tend to give rotating stall and large values of B 
tend to give surge. In the case of pure surge, that is J == 0, the Moore-Greitzer 
model (1.16) is reduced to the Greitzer model (1.9), but with different coef­
ficients due to the two different ways of nondimensionalizing time. 

Some simple simulations of the model are shown in Figure 1.15. The simula­
tions were carried out using MATLAB and SIMULINK. Numerical values of 
parameters were taken from Greitzer and Moore (1986). An unstable equi­
librium is studied by chosing a throttle opening such that the equilibrium of 
the system is to the right of the surge line. The three leftmost plots show 
the mass flow coefficient, pressure coefficient and squared rotating stall am­
plitude for the unstable equilibrium and a B parameter set to B = 1. The 
compressor undergoes deep surge oscillations. In the three rightmost plots, 
the only change is that the B-parameter has been reduced to B = 0.4, which 
results in the compressor going into rotating stall instead. It can bee seen 
that rotating stall leads to severely lower mass flow and pressure rise. 

An extension to the Moore-Greitzer model is presented by Moore (1986), who 
derives a model that predicts how rotating stall or surge develop under the 
influence of harmonic inlet distortion. The distortion is modeled as 

¢oo = 41(0 - E sin 0, (1.18) 
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Figure 1.15: Simulations of the Moore-Greitzer model. All states are plotted 
versus nondimensional time ~. The curves to the left are with B = 1, and 
surge oscillations are seen. The curves to the right are with B = 0.4, and 
rotating stall is the result. 

where rPoo is the local axial flow coefficient evaluated far upstream and f is 
the amplitude of the velocity distortion. Moore (1986) carries out the com­
plete derivation of a modified Moore-Greitzer model and studies the effect 
of the distortion. It is concluded that large distortion favor the development 
of rotating stall. Extensions to Moore-Greitzer by including viscous, dissi­
pative forces in the unsteady performance of the blade row are presented in 
Adomatis and Abed (1993) and Wang et al. (1994). Extensions concerning 
the inclusion of higher order harmonics in the Galerkin approximation are 
presented in Adomatis and Abed (1993), Mansoux et al. (1994), Gu et al. 
(1997a), Humbert and Krener (1997) and Leonessa et al. (1997a). 

The Moore-Greitzer model with other types of compressor characteristics 
than the third order polynomial has also been studied. Harris and Spang 
(1991) extend the Moore-Greitzer model to include two families of compres­
sor characteristics: odd-polynomial and even-polynomial. From their investi­
gations, Harris and Spang (1991) conclude that compressors that can operate 
stably over a narrow (wide) range of flows are likely to incur small (large) 
flow distortion when stall occurs. Wang and Krstic (1997 a) introduce the 
term left-skew and right-skew compressor characteristics, where the slope of 
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the compressor characteristic is steeper on one side of the maximum that the 
other. It is shown that if the characteristic is much steeper to the left (that is 
the characteristic is right skew) of the peak, the compression system undergo 
a much deeper hysteresis when trying to clear rotating stall with the throttle. 
Wang and Krstic (1997 a) use a single parameter to vary the skewness of a 
modified version of the third order polynomial compressor characteristic. 

Stability Analysis of the Moore-Greitzer model 

As mentioned at the end of Section 1.5.2, bifurcation theory is a tool widely 
used to analyze the stability of compression systems. Following Mees (1983), 
the word "bifurcate" means "split into two" , and in mathematics a bifurcation 
is a forking in a certain type of graph. A forking in a bifurcation graph for 
a dynamic systems corresponds to a qualitative change in the system being 
described. For a simple dynamic system like 

(1.19) 

J.L can be treated as a bifurcation parameter and the equilibria of the system 
can be plotted versus the bifurcation parameter in a so called bifurcation 
digram. When J.L < 0 there are no equilibria, but at J.L = 0 the qualitative 
behavior of the system changes, and for J.L > 0 there exists two possible 
equilibria, one stable and one unstable. 

In the case of the Moore-Greitzer model, several different bifurcation phe­
nomena occur. If the compression system equilibrium is located at the peak 
of the compressor characteristic and the throttle is closed just beyond the 
surge point, two qualitatively different situations can occur. Depending on 
the magnitude of the B-parameter, a so-called Hopf-bifurcation resulting in 
limit oscillations (surge) or a stationary bifurcation resulting in rotating stall 
might occur. The stationary bifurcation may be subcritical or supercritical. 
The sub critical bifurcation produces a jump to the stable part of the in-stall 
characteristic and also hysteresis, while the supercritical bifurcation implies 
soft transition into rotating stall with no hysteresis. This can be exploited in 
control design and will be further discussed in Section 1.9.3. 

The use of this technique in the field of compressor stability analysis was 
pioneered by McCaughan (1989) and McCaughan (1990), where the three­
state Moore-Greitzer model was studied. McCaughan (1989) found that B 
is a bifurcation parameter for the model, and by varying B the model can 
exhibit both surge and rotating stall in accordance with the results of Greitzer 
and Moore (1986). Abed et al. (1990) and Abed et al. (1993) used bifurcation 
theory to examine the boundary between surge and rotating stall using the 
simpler model of Greitzer (1976a). Bifurcation theory has also found use in 
the field of stall and surge controller design. Liaw and Abed (1992) and Liaw 
and Abed (1996) used this method to derive a simple controller for rotating 
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stall in the Moore-Greitzer model. The main idea is to design a controller 
that changes the bifurcation properties of the system. This method has since 
been used in a number of publications. 

1.5.4 Other models 

In this section a number of other models for compression systems will be 
presented. 

Davis and O'Brien (1987) present a one-dimensional compression system 
model for multistage axial compressors. Included in the system is a por­
tion of the compressor inlet ducting and a plenum (combustor) volume. The 
compressor and ducting system are modeled by an overall control volume 
which in turn is divided into a set of elemental control volumes. Acting on 
the overall control volume is an axial-force distribution, F X, attributable to 
the effects of the compressor blading and walls of the system. The rate of 
heat added to the fluid and shaft work done on the fluid are represented by 
distributions Q and SW, respectively. Then, the principles of conservation 
of mass, momentum and energy are applied to the elemental control volume. 
Quasi-steady pressure and temperature characteristics provide pressure and 
temperature performance for each stage as a function of flow. Davis and 
O'Brien (1987) state that for dynamic events such as surge and rotating 
stall, steady characteristics are not necessarily correct. To provide dynamic 
characteristics, a first-order time lag on the stage forces has been added in 
the rotating stall region: 

dFX T---a:t + FX = FXss , (1.20) 

where T is a time constant and F Xss is the steady state force. The resulting 
model is validated with experimental results for a three-stage, low-speed com­
pressor and a nine-stage, high-pressure compressor. Different experiments 
with both high and low values of Greitzer's B-parameter were conducted. 
The models were found to correctly model both deep and classical surge os­
cillations and the low mass flow and pressure rise associated with rotating 
stall. Davis and O'Brien (1987) also study the effect of fuel pulses on post 
stall behavior, and find that if the compressor is running at high speed, fuel 
pulses may initiate surge. 

Badmus et al. (1991) propose a one-dimensional lumped model for generic 
compression systems. The derivation parallels that of Greitzer (1976a), but 
with a few significant differences. The model is dimension-full and the throt­
tle is modeled as an orifice, so that the pressure drop over the throttle is 

(1.21) 
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where mT is the throttle mass flow, AT is the orifice area, Po, To are the 
conditions at throttle outlet, R is the gas constant and Pp is the plenum 
pressure. 

In Badmus et al. (1995a), a compressible viscous flow model is proposed. 
The model is quasi one-dimensional, and as such is capable only of predicting 
surge; rotating stall is modeled as reduced annulus averaged mass flow. The 
quasi one-dimensional assumption implies that all flow properties are essen­
tially constant in any plane normal to the axial direction. The compression 
system under study consists of inlet, single-stage compressor, compressor dis­
charge bleed, compressor duct, abrupt area change, plenum volume, plenum 
bleed, nozzle duct and nozzle. Badmus et al. (1995a) propose that each of 
these components can be modeled by the principles of conservation of mass, 
energy and momentum and the governing equations for a calorically perfect 
single species gas. Of the above mentioned components, the dynamics of the 
compressor discharge bleed, abrupt area change, plenum bleed and nozzle are 
residualized, that is they are described by algebraic equations. That leaves 
five components, which can be described by fifteen ODEs. However, the 
model is simplified further by eliminating the inlet and nozzle duct, leaving 
a model consisting of nine ODEs. The discretized form of the dimensionless 
ODEs for the k'th element of each component is, (Willems 1996): 

,~ ( Mk-l ) ( M, - M,_. ) ( Q ) 
Pk 3(M,')') Pk-Pk-l +~(M,')') Is 

dt Sk - Sk-l Iw Sk 

+2r(M, 1)( A, - A,-d +, ( 
0 ) dAk -1 

Tt' (1.22) 
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where 
1 ( 2.::.! ) E = Lke-2 Sk-l+ 'Y Pk-l (1.23) 

and ')' is the ratio of specific heats. The state variable of the dimension­
less equations are the flow Mach number M, dimensionless total pressure P 
and dimensionless specific entropy s. The forcing terms are dimensionless 
volumetric heat transfer rate Q, dimensionless specific inviscid and viscous 
forces Is, dimensionless specific wall friction force I wand dimensionless area 
A. From (1.22) it is seen that the E-parameter determines the relative time 
scales of the flow dynamics: when E is very small the flow dynamics respond 
quasi-steadily and the forcing term 1ft has little effect. The subscripts k and 
k - 1 denotes the entrance and exit of the k'th element of the compression 
system component. By using experimental data to identify model parameters 
and maps, Badmus et al. (1995a) use (1.22) as building blocks to model the 
compression system component by component. 

Badmus et al. (1995a) compare the response of their model with experimen­
tal data from a compressor rig with excellent results. This agreement is 



32 Compressor Surge and Stall: An Introduction 

attributed mainly to the use of effective lengths within the model. Effective 
length accollnt for the helical path of the flow as it travels through com­
ponents where rotation is present. For example, the effective length of the 
compressor is 

N2 
1 + -r2 e-A2 M2 tip , (1.24) 

where L8 is the axial length of the stator, Lr is the axial length of the rotor 
and N is rotational speed. 

Ishii and Kashiwabara (1996) derive a two-dimenf:lional model for compress­
ible flow in multistage axial compressors. As opposed to the classical Moore­
Greitzer model, where compressibility is confined to the plenum, Ishii and 
Kashiwabara (1996) allow compressibility to be distributed throughout the 
compressor. Ishii and Kashiwabara (1996) argue that models with compress­
ibility effects only in the plenum are suitable only for compressors with one 
or a small number of stages and not for multistage compressors. The flow 
field is modeled using compressible versions of the conservation laws and the 
equations of motion, leading to a set of nonlinear partial differential equations 
with all the states (axial and circumferential velocity, pressure, temperature 
and density) being functions of time, axial coordinate, and angle coordinate. 
Simulations of the model (using a finite difference method and a Galerkin 
procedure) are compared to experimental results on a three-stage compres­
sor with excellent results. 

As one of the reasons for compression system modeling is the design of 
surge/stall control algorithms, several authors have derived models with this 
in mind. The key issue here is that actuators and sensors are accurately mod­
eled and included in the model. Feulner et al. (1996) derive a control oriented 
two-dimensional compressible flow model for rotating stall in high-speed mul­
tistage axial compressors, by using the linearized basic conservation laws of 
mass, momentum and energy. In high-speed compressors, compressibility 
effects are important, and must be included in the model. This leads to a 
distributed mathematical model, described by partial differential equations. 
The model is augmented to include upstream and downstream geometry, 
boundary conditions and actuator motion, and then converted to the form of 
a transfer function. 

An alternative model for control of rotating stall in high-speed compressors 
is presented in Paduano et al. (1994), where two-dimensional compressible 
flow is studied. Rotating stall was described as a traveling wave, and spa­
tial Fourier analysis was used. Both Paduano et al. (1994) and Feulner et 
al. (1996) consider one-dimensional actuators. Protz and Paduano (1997) 
describe how to include two-dimensional actuators in Moore-Greitzer type 
models. 
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1.6 Previous work on modeling of centrifugal 
compression systems 

1.6.1 Greitzer-type models for centrifugal compressors 

The work of Hansen et.al. (1981) 

Although the compression system model of Greitzer (1976a) was originally 
derived for axial compression systems, Hansen et al. (1981) showed that it 
is also applicable to centrifugal compressors. Hansen et al. (1981) find rea­
sonable agreement between experimental results and simulation results of 
the four-state Greitzer model (1.5)-(1.8) for deep surge in a small single­
stage centrifugal turbocharger compressor. The compressor was fitted with 
a vaned radial diffuser (see Section 1.2.3). The experiments were carried out 
for two compressor speeds, and the dimensionless compressor characteristic 
was found to coincide for these speeds. The characteristic was represented 
by a parabola for negative flow and two different third order polynomials for 
stable and unstable forward flow. 

In order to fit the experimental data to the response of the model Hansen 
et al. (1981) use a smaller value for the compressor flow relaxation time T. 
More specifically, T is defined as 

_ 7rRN 
T = LeB ' (1.25) 

where N is the time lag in rotor revolutions, and Hansen et al. (1981) use 
N = 0.5 as opposed to the value N = 2 used by (Greitzer 1976a). The 
simulations reasonably fit the experimental results, but there are systematic 
discrepancies appearing particularly near and after flow reversal. Hansen et 
al. (1981) claims that this may be explained by compressibility effects. In 
support of this claim, it is said that the terms in the momentum balance 
that were ignored due to the incompressibility assumption may amount to 
as much as 25 percent of the terms retained. Further, the fact that the time 
periods where the ignored terms are significant are short, may explain why 
the model is still useful. In the discussion of Hansen et al. (1981), it is said 
that compressibility effects, instead of variations in N, also may account for 
the discrepancies between model and experiments at flow reversal. 

The model of Macdougal and Elder (1983) 

A model much similar to (1.9) is derived by Macdougal and Elder (1983). The 
main difference is that Macdougal and Elder (1983) model both the plenum 
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process and the compressor pressure rise to be polytropic. This results in a 
model on the form 

dm 
dt 
dp 
dt 

(1.26) 

where n is the polytropic index and Z is the compressibility factor. Note 
that the model is not dimensionless, as opposed to the approach of Greitzer 
(1976a). The model (1.26) is capable of simulating mild surge oscillations 
which corresponds well to experimental results. As the backflow character­
istic for the compressor is not taken into account, deep surge cycles are not 
studied. 

The work of Fink et.al. (1992) 

Fink et al. (1992) extend the Greitzer model (1.9) to include centrifugal 
compressors with varying rotor speed. The effect of speed variation upon 
surge dynamics had been speculated upon by Toyama et al. (1977) and Dean 
and Young (1977), but no quantitative results emerged before the results of 
Fink et al. (1992). 

The compressor under study is a centrifugal turbocharger compressor with 
a high speed radially vaned impeller with vaneless diffuser surrounded by a 
volute. It is shown that non-constant speed is important in capturing the 
system dynamics. In addition to the assumptions done by Greitzer (1976a), 
Fink et al. (1992) assume that the gas angular momentum in the compressor 
passages is negligible compared to the impeller and spool angular momentum. 
Moreover, the ratio of plenum and inlet temperatures is not assumed to be 
negligible. By applying conservation of momentum in the compressor duct, 
conservation of mass in the plenum and conservation of angular momentum 
for the compressor spool, the following model is found after using the same 
nondimensionalization as in Greitzer (1976a): 

d~ 
B(iItc - iIt) - FB~r (1.27) -

d~ 
diIt 1 Tp ) (1.28) = --(~ - ~T - 2FBiItr 
d~ BTpo 
dB FB2r (1.29) = 
d~ 

diItc 1 
(1.30) = -(iIt c 88 - iIt c). 

d, T ' 

Equation (1.29), a differential equation for the B-parameter is found by ap-
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plying conservation of angular momentum according to 

(1.31) 

where I is the spool moment of inertia, w is the rotational speed and Td and Tc 
are the drive and compressor torques, respectively. After nondimensionalizing 
the torques with pAcRU2 to find r, and defining 

(1.32) 

equation (1.29) follows. In equation (1.30), the time constant T is defined as 

ILml Lm 1 
T= C = Lc2BI~I' (1.33) 

where Lm is the meridional through-flow length of the impeller and vaneless 
diffuser and C is the meridional average flow velocity. The time constant T 

is on the order of the compressor through-flow time, and the numerical value 
used by Fink et al. (1992) is T = 0.12 which corresponds to 2.2 rotor revo­
lutions. This corresponds to the value used by Greitzer (1976a). Physically, 
the time lag has the effect of flattening the instantaneous compressor char­
acteristic relative to the quasi-steady curve; this leads to a slower growing 
instability. The model (1.27)-(1.30) can be reduced to Greitzer's model by 
assuming constant speed (r = 0), setting .2.. = 1 and removing equation 

TpO 

(1.30). 

Simulations of the model is compared with experimental results, and Fink 
et al. (1992) concludes that the inclusion of the speed variations together 
with the timelag improves agreement with experiment dramatically. The 
speed variation is shown to cause a precursor period of mild surge before 
deep surge, and surge oscillations are shown to cause spool speed oscillations 
whose amplitude depend on the spool moment of inertia I. 

1.6.2 Other models 

By combining the basic conservation laws of mass, momentum and energy and 
the component-by-component analysis described at the end of Section 1.4.1, 
Elder and Gill (1985) derive a dynamic model capable of simulating surge 
in a centrifugal compressor. Application of the conservation laws for the 
inducer, tip, vaneless space, semi-vaneless space, diffuser channel, duct and 
nozzle results in a model which closely resembles experimental results. Each 
component is described by its mass flow versus pressure rise characteristic, 
and it is possible to identify the stalling elements that are responsible for the 
overall compressor instability. 
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In the papers Botros et al. (1991) and Botros (1994), a model for a pipeline 
compressor station as depicted in Figure 1.7 is derived. The flow in the 
pipeline is modeled using the general continuity, momentum and energy equa­
tions for one-dimensional unsteady compressible fluid flow in a pipe. This 
results in a distributed model for the pipeline on the form 

8z 8F 
8t + 8x +H = 0, (1.34) 

where z = (p m p)T is the state vector and F and H are nonlinear func­
tions of z. The spool dynamics of the dual shaft gas turbine/power turbine 
configuration can be written 

IN dNg 
9 9 dt 

1NdN = 
dt 

"It(N,Ng)QLHVmfuel- Wt(N,Ng) 

(N N ) _ Hp(Qa,N)m 
"1m 'g "Ip(Qa, N) , (1.35) 

where I, 19 , N, Ng are the inertias and speeds of the two shafts, QLHV is 
the lower heating value of the fuel, "It, "Ip, and "1m are the thermal, polytropic 
and mechanical efficiencies, Wt(N, Ng) is the power turbine power and Hp is 
the polytropic head characteristic of the compressor. As in Macdougal and 
Elder (1983) the compressor is assumed polytropic: 

(1.36) 

However, (1.36) is valid only to the right ofthe surge point. In order to model 
(deep) surge cycles, the complete steady characteristic beyond the surge point 
and into the negative flow is required. This part of the characteristic is 
approximated with a third order polynomial as done by Greitzer (1976a). 
The compressor response to transients is further modeled as the first order 
model 

dH 1 
-d = -(Hss - H), 

t r 
(1.37) 

where Hss is the combination of (1.36) and the cubic of Greitzer (1976a). 
In Botros et al. (1991), the transients of the model is compared to field 
measurements with good agreement between simulations and measurements. 

1.7 Jet engine and gas turbine models 

In addition to the compressor models described above, a number of dynamic 
models of jet engines and gas turbines, which also models surge/stall phe­
nomena, have been published. The number of publications in this field is 
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vast, and the models presented below must be considered as examples from 
this literature only. An overview of modeling techniques up till 1982 is given 
by Saravanamutto (1982). According to this source, the earliest attempts to 
quantify dynamic jet engine behavior dates back to 1952. 

Figure 1.16: Information flow for jet engine model 

The models of Onions and Foss (1982) 

Onions and Foss (1982) present a gas turbine model named "The lumped 
continuity model". The gas turbine is modeled by breaking it into a series of 
discrete components such as low and high pressure compressors, combustion 
chamber, turbines and so on. Then, inter-component volumes and thermo­
dynamic analysis is applied. This method was originally developed by Sara-
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vanamuttoo and Fawke (1970), and has been used since for a number of jet 
engine models. An information flow diagram of an example model is shown in 
Figure 1.16, where some of the components of an engine are included. More 
spools, compressors, nozzles and so on can easily be included. 

The major assumption is that the performance of each component can be 
described by the steady state characteristics and that differential equations 
can be introduced to describe the transient behavior between the components. 
For volumes with no heat release, the mass balance 

dp KK-RT( . .) 
dt = -V-- min - mout (1.38) 

is used, and for volumes with heat release, the energy balance must also be 
taken into account. In this model the rate of change of the engine shaft(s) 
is modeled using the torque balance. If the engine under consideration is 
a turbofan, Onions and Foss (1982) provides dynamic equations to describe 
the transient behavior of the bypass flow. In order to make the model capa­
ble of simulating surge, Onions and Foss (1982) recognize that momentum 
equations in the form 

drh KA( ) Fnet dt = L Pin - Pout + L' (1.39) 

where Fnet are drag forces, are needed. Notice that (1.38) and (1.39) cor­
respond to the Greitzer model. A number of simplifications to the model is 
then undertaken. However, the resulting model is not capable of simulating 
surge, but the surge line is calculated by means of calculating the eigenvalues 
of the linearized model. 

Sugiyama et al. (1989) use a similar approach as Onions and Foss (1982), and 
their nonlinear model is capable of simulating surge oscillations in a turbojet 
engine. 

The model of Eveker and Nett (1991) 

Motivated by the fact that no low order full-engine models with the capability 
of demonstrating rotating stall had been published, Eveker and Nett (1991) 
developed a model for a single spool centrifugal compressor turbojet engine. 
The model has the capability to accurately predict compressor surge. As 
opposed to the Moore-Greitzer compressor model, the model of Eveker and 
Nett (1991) does not include rotating stall as a state, but the presence of 
stall is manifested as a condition of steady, greatly reduced annulus-averaged 
compressor mass flow. 

Eveker and Nett (1991) use the same modeling approach as Saravanamuttoo 
and Fawke (1970), and divides the engine into components. The inlet, com­
pressor, combustor, turbine and nozzle are modeled with algebraic equations. 
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Dynamic equations are provided for the momentum conservation in the com­
pressor duct, the mass balance and energy conservation in the plenum and 
the power balance for the spool. 

The same modeling technique is used by Qi et al. (1992a) and Qi et al. (1992b) 
to derive thrust controllers for a single spool gas turbine engine. 

The model of Nishihara (1993) 

A somewhat different approach to surge modeling in gas turbines is taken 
by Nishihara (1993) who considers a turbo shaft engine with a free power 
turbine. This helicopter motor has a seven-stage axial compressor closely 
coupled to a single-stage centrifugal compressor. A multi-element model of a 
aircraft gas turbine with both axial and centrifugal compressor stages using 
a Greitzer model for each element is proposed. Nishihara (1993) reports of 
good agreement between theory and experiment. 

Instead of applying fundamental conservation equations as described above, 
gas turbines can be modeled utilizing real steady state engine performance 
data as in Biss and Grimble (1994) and Biss et al. (1994). Very simple models 
results if it is further assumed that the gas turbine always is operated close 
to rated speed as in Rowen (1983). Although these modeling methods may 
produce simple and accurate models for design conditions, they are unsuitable 
for surge/stall studies, due to the fact that these instabilities occur at off­
design conditions. 

1.8 Previous work on surge/stall avoidance 

1.8.1 Background and motivation 

Surge and rotating stall are highly unwanted phenomena. The number of 
unwanted effects are several: the introduction of thermal and mechanical 
loads, oscillations, lowered pressure rise and efficiency. Mazzawy (1980) found 
that the forces involved may be great enough to cause structural damage. 
Rotating stall, or more specifically, unrecoverable stall, in gas turbines require 
engine re-start, and may have catastrophic consequences in e.g. jet engines 
for aircraft propulsion, or in the words of Mattingly (1996): "Steady operation 
above the (surge) line is impossible, and entering the region even momentarily 
is dangerous to the gas turbine engine". 

Therefore, the useful range of operation of turbocompressors is limited, by 
choking at high mass flows when sonic velocity is reached in some component, 
and at low mass flows by the onset of surge and rotating stall. In conclusion, 
although it is dangerous to operate the compressor near the surge line, it is 
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desirable to do so due to the high performance and efficiency obtained there. 
Traditionally, this problem has been handled by using control systems that 
prevent the operating point of the compression system to enter the unstable 
regime to the left of the surge line, that is the stability boundary. This 
approach is known as surge/stall avoidance, or surge avoidance in short. 

Pressure ratio 

----------------~-~-~r_--_L 

Surge avoidance 
line 

Working 
line 

Inlet corrected mass flow Fin 

Figure 1.17: Surge margin 

By using surge avoidance, the compressor is prevented from operating in a 
region near and beyond the surge line. This is achieved by e.g. recirculation 
of the flow or blowing off flow through a bleed valve. As the compressor 
characteristic and thus the surge line may be poorly known, it will often be 
necessary to have a fairly conservative surge margin between the surge line 
and the surge avoidance line. The compressor is then not allowed to operate 
between these two lines in the compressor map, see Figure 1.17. Accounting 
for possible compressor uncertainties and disturbances also affects the size 
of the surge margin. As the peak pressure rise and peak efficiency of the 
compressor are located close to the surge line, the surge avoidance scheme 
limits the performance of the machine. In addition to this, the surge margin 
limits the transient performance of the compressor as acceleration of the 
machine tends to drive the state of the system towards the surge line. There 
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are many different ways of defining the surge margin SM, one simple method 
is 

(1.40) 

where P Ssa is the pressure ratio on the surge avoidance line of the compressor 
for a given speed, and P Ss is the pressure ratio on the surge line for the 
same mass flow, as shown in Figure 1.17. According to Cumpsty (1989), in 
a multistage axial compressor in a turbojet it is normal to insist on a 25% 
surge margin, and Botros and Henderson (1994) quotes 10% as typical in 
centrifugal pipeline compressors. Following Cumpsty (1989), an altogether 
more logical definition of the surge margin considers the change in outlet 
corrected mass flow. For a definition of corrected mass flow, see Appendix C. 
The surge margin is then defined as 

SM2 = Fout,sa - Fout,s 
Fout,sa 

(1.41) 

and the significance of using the outlet corrected flow is that it gives a measure 
of the throttle change needed to take the compressor into surge/stall. As most 
compressor maps are usually quoted in terms of inlet corrected mass flow, an 
alternative definition to (1.41) which retains the physical significance of the 
outlet corrected flow, but uses the more easily measured inlet corrected flow 
is 

SM3 = 1- ((Po,Out/po,in)sa . Fin,s) . (1.42) 
(po,out/PO,in)s Fin,sa 

According to Staroselsky and Ladin (1979), there are three common forms 
of the surge avoidance line. The optimal position of the line is parallel to 
the surge line as in Figure 1.17. Setting the avoidance line with a slope less 
than that of the surge line can lead to excess actuation at high pressures, and 
surge at low pressures during startup and stopping. The third method is to 
simply select a minimum safe flow, and set a vertical avoidance line, but this 
can lead to excess actuation at low pressures and surge at high pressures. 

A surge avoidance scheme will operate on the following principle: If the 
working point of the compressor tend to cross the surge avoidance line, that 
is if the "distance" between the throttle line and the surge line approaches the 
surge margin SM, some actuation device is activated and the working point 
is forced to stay to the right of the surge line. Clearly, such a scheme will 
not allow maximum performance and efficiency to be reached. Nevertheless, 
this approach is used in most commercial gas turbines and other compressor 
installations. 

An alternative to surge avoidance is surge detection and avoidance. Using this 
strategy, the drawbacks of the surge margin can be avoided by the activation 
of the controller if the onset of instabilities is detected. Botros and Henderson 
(1994) lists a number of patented techniques designed to detect the onset 
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of surge in centrifugal compressors, but the general results of this study 
applies to axial machines as well. The most successful techniques are based on 
monitoring various variations in flow, pressure, temperature, speed or other 
parameters at the compressor inlet or exit, along with their time derivatives 
or frequency of oscillation. These measurements are compared to threshold 
values defining the incipient surge and are fed to the surge controller. Botros 
and Henderson (1994) concludes that the main disadvantages of this strategy 
are the necessity of large control forces and very fast-acting control systems in 
order to prevent the incipient surge to grow into a full blown surge cycle. Also, 
this technique is highly dependent on the compressor at hand, as different 
compressors exhibit different behaviors during incipient surge. Therefore, 
surge detection and avoidance has not found wide acceptance. 

1.8.2 Industrial solutions to surge avoidance 

In, gas turbines, both for power generation and for propulsion, it is common 
to use bleed valves as surge avoidance actuators. Usually, the compressed 
high energy bleed flow is not entirely wasted as it can be used for e.g. cabin 
heat. Other techniques used for surge avoidance in gas turbines are the use 
of multispool compressors and variable stators. Casing treatment is also a 
frequently used technique to improve the surge margin in axial compressors, 
(Takata and Tsukuda 1977). 

In centrifugal compression systems in the process industry, recycle valves 
where some of the compressed fluid is fed back to the compressor intake are 
commonly used for surge avoidance. Botros and Henderson (1994) group 
industrial surge avoidance schemes for centrifugal compressors into four cat­
egories (all schemes use recycle valve actuation): 

• Conventional anti-surge control which include methods based on 
measurements of compressor inlet flow and differential pressure across 
the compressor. This technique is also called "Flow / fj.Pc". The signal 
from the flow element, which is usually a differential pressure (fj.Po) 
is shown to be proportional to the differential pressure across the the 
compressor. A linear relation is used to describe the surge avoidance 
line 

(1.43) 

where kl and k2 are constants. This method is treated in detail in 
Nisenfeld (1982) and Balchen and Mumme (1988), and Botros and Hen­
derson (1994) lists many variations of this concept . 

• Flow/rotational speed (Q/N) technique which use the fan law 
to nondimensionalize the volumetric flow Q using rotational speed N 
and the head H across the compressor using N2. The surge avoidance 
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line is thus reduced to a control point where (Q / N)c is constant. If 
(Q/N)measured < (Q/N)c, the recycle valve is opened . 

• Microprocessor and PLC based controller. If the relation be­
tween b.Pc and b.Po is far from linear, a direct comparison between the 
compressor operating point on the compressor characteristic in relation 
to the surge avoidance line ought to be made. According to Botros and 
Henderson (1994), this can be accomplished by calculating both the 
actual flow and the head across the compressor. This requires other 
measurements such as temperature, inlet pressure and so on, and also 
use of the compressor characteristic. Computers-based controllers are 
well suited for this. Most newly designed surge avoidance schemes are 
of this class . 

• Control without flow measurement. Because the flow signal is 
often noisy, inaccurate, and in some cases nonlinear and non-repeatable 
and also introduce a pressure drop, it is advantageous to avoid flow 
measurement in the surge avoidance scheme. This can be accomplished 
by using a (H/N2)c ratio instead of (Q/N)c as in the Q/N-technique. 
This is possible provided the compressor characteristic is steep enough. 

1.9 Active Control of Surge and Rotating Stall 

1.9.1 Background and motivation 

Active surge/stall control is an approach fundamentally different to surge 
avoidance. In active surge/stall control, feedback is used to stabilize the 
unstable regime of the compressor map. It is believed, according to Botros 
and Henderson (1994) and de Jager (1995), that surge avoidance is a mature 
field, and that only incremental improvements on existing technology will 
emerge in the future. Based on this, and the fact that there are several 
drawbacks, as discussed in the previous Section, connected to the use of surge 
avoidance, the rest of this text will be concerned with active surge control. 

The approach of active surge/stall control aims at overcoming the drawbacks 
of surge avoidance, by stabilizing some part of the unstable area in the com­
pressor map using feedback. This will allow for both operation in the peak 
efficiency and pressure rise regions located in the neighborhood of the surge 
line, as well as an extension of the operating range of the compressor. A 
compressor with active control has effectively a shifted surge line, so also the 
surge avoidance line can be shifted, thereby enabling the machine to operate 
in a region where, without active surge control, reliable operation was not 
possible, (de Jager 1995). The approach was first introduced in the control 
literature by Epstein et al. (1989). and in the last decade, the literature on 
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feedback stabilization of compression systems has become extensive. This is 
partly due to the introduction, and success, of the Moore-Greitzer model. 

In the literature on developments in the field of jet engines for aircraft propul­
sion, active stall/surge control is often said to become an important part of 
future engines. For details see e.g. Epstein (1986), Covert (1995), Ruffles 
(1996) or DeLaat et al. (1996). The term "smart engines" is often used when 
refering to these engines, see Greitzer (1998). Brown et al. (1997) reports 
of successful in-flight experiments on a F-15 aircraft with active stall control 
on one engine. Experimental results on laboratory engines are reported by 
Paduano et al. (1993), Ffowcs Williams et al. (1993), Haynes et al. (1994) 
and Behnken and Murray (1997). 

During the last decade, an increasing number of papers have been published 
on the topic of active surge/stall control. The interest seems to have been 
considerable larger for the study of axial compressors than of centrifugals. 
This is mainly due to the fact that aircraft engines to a large degree use axial 
compressors, and the gas turbine industry is one of the main sponsors for 
this type of research. 

A review of some methods of active surge/stall control will now be presented. 
First, methods for surge control in centrifugal and axial compressors will be 
discussed, and then active controllers for both surge and rotating stall in 
axial compressors are discussed. 

1.9.2 Control of surge in centrifugal and axial compres­
sors 

The results of Ffowcs Williams and Huang (1989) 

One of the first published results on active surge control was the paper by 
Ffowcs Williams and Huang (1989), where active stabilization of surge in 
a centrifugal compression system was studied. Ffowcs Williams and Huang 
(1989) model their system with the Greitzer model (1.5) with a few modifi­
cations: The momentum balance in the compressor duct is augmented with 
an experimentally determined term J.L( ~ - ~), where ~ is the average value 
of ~, describing the flow resistance in the duct. Also, no lag is assumed in 
the compressor response. The actuator used is a movable wall in the plenum. 
The wall surface is part of a mass-spring system responding to the unsteady 
pressure fluctuation in the plenum and an externally induced force. The dis­
placement ~d of the surface is assumed to be proportional to the driving force, 
and the control force is generated by a feedback system which processes the 
signal from a plenum pressure sensor. Including the modeling modifications 
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and the actuator, the non dimensional closed loop system is given by 

diP 
d~ 

diPT 
d~ 
d\J! 
d~ 
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(1.44) 

where the 1)-term results from the pressure-induced motion of the wall, and 

(1.45) 

where K is the spring stiffness and C = ICleii3 is the complex-valued gain of 
the P-controller. The employed compressor characteristic \J! c( iP) is the result 
of empirical curve-fitting to experimental data. 

By linearizing (1.44), conditions on the controller gain C are found for the 
closed loop system to be stable. In experiments on a turbocharger compres­
sion system, the movable wall is implemented as a loudspeaker, and Ffowcs 
Williams and Huang (1989) report of excellent agreement between theory, 
simulations and experiment. The surge controller was able to stabilize the 
system both before and after surge had occured. Similar experiments were 
conducted on a gas turbine engine with centrifugal compressor in Ffowcs 
Williams and Graham (1990). 

Similar results on surge control is also presented in Epstein et at. (1989), 
where control is achieved by the use of complex valued proportional feedback 
from plenum pressure perturbations to both a movable plenum wall and the 
throttle. 

Gysling et at. (1991) also propose to use a movable plenum wall to stabilize 
surge. Their approach differs from the one of Ffowcs Williams and Huang 
(1989) in the sense that the wallis a passive element and no energy is fed 
into the compressor system. By the use of structural feedback, the dynamic 
properties of the systems are modified so that the compression system be­
comes inherently stable, without external input. By including the dynamics 
of the movable wall in the Greitzer model and linearizing, conditions on 
the damping of the wall mass-spring-damper system are found. Gysling et 
at. (1991) conduct experiments with a centrifugal compression system fitted 
with a movable plenum wall and found the mass flow at which surge occured 
was lowered with 25%. 

The results of Pinsley et.al (1991) 

Pinsley et al. (1991) study centrifugal compressor surge control using the 
model (1.9) and the throttle valve as actuator. Similar to Ffowcs Williams 
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and Huang (1989), the model is linearized, and conditions on the complex­
valued gain of the throttle P-controller are found. Again, a plenum pressure 
sensor was used. Pinsley et al. (1991) propose the following control law for 
the throttle valve area: 

(1.46) 

where 8 denotes perturbation quantities, Z is the complex-valued controller 
gain and AT is the nondimensional throttle valve area. In experiments, a 
25% reduction in surge point mass flow was achieved over a range of speeds 
and pressure ratios. 

The results of Ffowcs Williams et.al (1993) 

Ffowcs Williams et al. (1993) aim at stabilizing both rotating stall and surge 
in a gas turbine with a centrifugal compressor. An air injector is used as 
actuator. The air is injected to a point at the outer edge of the impeller eye, 
parallel to the impeller axis. Based on the two distinct types of instabilities, 
surge and rotating stall, possibly occuring at the same time, Ffowcs Williams 
et al. (1993) propose two distinct controllers, controller A and controller B. 

Controller A is required to eliminate nonaxisymmetric disturbances to the 
compressor flow. By writing the non axisymmetric axial velocity through the 
compressor as its Fourier series and using the method of Moore (1984b) to 
calculate the pressure rise from ambient to plenum, Ffowcs Williams et al. 
(1993) show that the controller 

Pu = k(Va - V), (1.47) 

where Va is the axial flow velocity, V the mean axial flow velocity and k is 
the controller gain, reduce the energy of the nonaxisymmetric flow at rate 

Rl = k 121f(Vl - V)2dO. (1.48) 

Simulations confirm this result, but Ffowcs Williams et al. (1993) do not 
propose an actual control system to be implemented. 

Controller B is designed to stabilize surge cycles. Ffowcs Williams et al. 
(1993) use a model similar to (1.9), and introduce the control u into the 
plenum mass balance such that 

dp 
dt = b(V - vthrottle) + u. 

The controller u is chosen as 

dw 
dt 

(1.49) 

(1.50) 
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and the parameters ki of the controller are chosen by positioning the eigenval­
ues of the linearized closed loop system in the left half plane. This strategy is 
confirmed experimentally, with a decreased corrected mass Howat the surge 
point of 2.6% which corresponds to an increase in delivered power before 
surge with more than 10%. 

The results of Simon and Valavani (1991) 

In Simon and Valavani (1991) and Simon (1993), active surge control is done 
by using a close coupled valve as an actuator. The main idea behind this 
approach is to use the pressure drop over the valve downstream of the com­
pressor to shape the compressor characteristic at equilibrium. That is, the 
valve is used to render the slope of the combined characteristic of compres­
sor and valve negative, and thereby stabilizing the equilibrium. The Greitzer 
model (1.9), augmented with bounded time-varying disturbances in mass How 
and pressure rise, is used in the analysis. By doing a change of coordinates 
to (¢,~) such that the equilibrium is shifted to the origin, and using the 
Lyapunov function (termed the incremental energy of the system): 

v = ~ (~ ¢2 + B~2 ) , 

the following control law is derived: 

, -¢2 < ¢ < -1>1 
, -1>1 < 1> < 1>1 
, ¢1 < ¢ < 1>2, 

(1.51 ) 

(1.52) 

where f (¢) is any continuous differentiable function connecting the points 

(¢, wv( -1>1», (0,0) and (1), Wv(¢1», and ic(¢) and ~c(¢) are the lower and 
upper bounds on the compressor characteristic, respectively, when taking the 
disturbances into account. The control law relies on measuring the compres­
sor mass How, and the resulting controller u = ~v(1)) prescribes the required 
pressure drop to be taken over the close coupled valve both to stabilize the 
equilibrium and to dominate the disturbance. In contrast to previous anal­
yses which used linearized models, Simon and Valavani (1991) are probably 
the first to use a noniinear model throughout the design of an anti-surge 
controller. Moreover, Lyapunovs method is used to derive an asymptotically 
stabilizing control law . 

The work of Nakagawa et.al. (1994) 

Nakagawa et al. (1994) presents results from an experimental investigation 
of centrifugal compressor surge control using valves on the suction side of 
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the compressor to vary the compressor inlet pressure. The valve opening was 
commanded using a proportional feedback from a pressure sensor located 
either upstream or downstream of the compressor. The experiments show 
that surge can be suppressed by using suction side valves. 

The work of Willems and de Jager (1998) 

Willems and de Jager (1998a) investigate the use of one-sided bleed/recycle 
control of a laboratory-scale gas turbine installation. The installation consists 
of a low-speed, single stage, centrifugal compressor driven by an axial turbine, 
and is described in detail in Meuleman et al. (1998). The model (1.9) is 
considered, and a bleed valve that that is nominally closed is used as the 
control. The valve can only be operated to one side (opening the valve) and 
not to the other side (closing the valve). Willems and de Jager (1998a) show 
that the compressor mass flow range can be extended significantly with zero 
or very low bleed flow. 

The work of Badmus et.al (1996) 

Badmus et al. (1996) study the control of surge in axial compression systems 
by using is a modified version of (1.9), the Greitzer model. As in Badmus et 
al. (1995a), effective compressor duct length is used. The length used in the 
model is calculated as 

D 
ltotal = lelee, where lee = y 1 + ¢2' (1.53) 

where Ie is the nondimensional duct length, ¢ is the annulus averaged flow 
coefficient, and c is a constant that is tuned to enhance improved transient 
match between model predictions and experimental data. Badmus et al. 
(1996) propose to stabilize surge by using a nonlinear Luenberger-type out­
put observer and a nonlinear input-output feedback linearizing controller. 
The observer is designed by augmenting the right hand side of the dynamic 
model with a term proportional to the observation error, and it enables an 
approximate reconstruction of the system states from a single output mea­
surement. Badmus et al. (1996) proceed to design a feedback linearizing 
controller that achieves a linearization of the dynamics between the mea­
sured output (the dynamic pressure at compressor inlet), and the system 
input variable (the throttle area parameter). The poles of the closed loop 
linear system are placed by a PD-controller. Stabilization of surge using this 
scheme is demonstrated by experiments. 

Cargill and Freeman (1991) stress the fact that most investigations on active 
control of surge, both theoretical and experimental, have considered low speed 



1.9 Active Control of Surge and Rotating Stall 49 

machines, and that control schemes based on this assumptiun are unlikely to 
be effective on high speed compressors where compressibility effects introduce 
additional physical phenomena. In an axial compression system of sufficient 
length, speed and pressure ratio, surge can begin with a high-amplitude blast 
wave propagating along the compressor. This wave is initiated by a region of 
stalled flow at the rear ofthe compressor. Cargill and Freeman (1991) derive 
a model for high speed surge, similar in structure to Greitzer's model, and 
show that in this case the important parameter governing the dynamics is 
not the B-parameter, but BN, where N is the number of stages. Further, 
as B is proportional to speed, in high speed systems BN is necessarily large, 
and it is shown that in this case the expected increase in flow range due to 
active control is small. 

Cargill and Freeman (1991) also show that large BN implies that the surge 
cycle consist of fast and slow elements, and that the fast elements take place 
on a time scale equivalent to the time it takes to stall or unstall a blade. 
Cargill and Freeman (1991) conclude that in the case of high speed compres­
sors, a more promising approach than active control of surge is the suppres­
sion of disturbances that would otherwise develop into surge rotating stall. 

1.9.3 Control of surge and rotating stall III axial com­
pressors 

There has been an increasing frequency of publication within this field over 
the last couple of years. The results presented below are supposed to be 
representative. However, new results are presented on every major control 
conference and this trend seems to continue. Previous overviews of the re­
search in this field has been presented in de Jager (1995), Gu et al. (1996), 
Willems (1996) and Willems and de Jager (1998b). 

Control of rotating stall using upstream vanes 

The first result on active control of rotating stall in axial compressors was 
presented by Epstein et al. (1989). This is a theoretical result, and no at­
tempt are made to discuss the topic of actual implementation in an engine. 
However, Epstein et al. (1989) name several actuators that might be used to 
implement their algorithm: unsteady jets or wiggling stators far upstream, 
wiggling inlet guide vanes and downstream pressure perturbation using loud­
speakers or pulsing the combustor. In the control scheme derived, control 
is exercised through an upstream set of vanes that are operated to create a 
vortical disturbance field. The control action creates an axial velocity distur­
bance 8C~, such that the total disturbance at compressor inlet is 

(1.54) 
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where 8Cxl is the disturbance in the inlet flow velocity. Epstein et al. (1989) 
propose to use proportional feedback from the perturbation in the compressor 
flow coefficient, such that the control law is given as 

u = 8¢' = 8~~ = Z8¢, (1.55) 

where 8¢' is the disturbance created by the action of the control vanes, and 

(1.56) 

is the complex valued controller gain. Epstein et al. (1989) continue to in­
vestigate the influence of the control law parameter Z on the closed loop 
performance of the compressor. Negative real values of Z, that is f3 = 71", 

stabilizes rotating stall, but allows surge cycles on the positive sloped part 
of the compressor characteristic. General complex values of Z allow for the 
instability point on the peak of the characteristic to be shifted towards lower 
mass flows. The reduction in stall mass flow can be increased by a proper 
choice of the phase shift f3 compared to simple proportional control. It is also 
noted that wrong choice of f3 can lead to instability. 

The ideas of Epstein et al. (1989) were realized by Paduano et al. (1993) 
who used an array of twelve upstream high speed control vanes in a single 
stage axial compressor to damp out low-amplitude circumferentially traveling 
waves that may grow into rotating stall. The waves are decomposed into 
separate spatial Fourier components, and each harmonic is to be controlled 
individually. The control was implemented using a circumferential array 
of hot wires to sense propagating waves of axial velocity upstream of the 
compressor. The stagger angle of each control vane is used as the control, 
and the control laws employed are on the form 

(8'YIGv)n = ZnCn, (1.57) 

where 8'YIGV is the change in stagger angle, Cn is the spatial Fourier coeffi­
cient of mode n, and Zn = IZnlei,Bn is the complex controller gain for mode 
n. Control of the first mode give a decrease of 11 percent of the stalling mass 
flow, while control of the first three harmonics reduce the stalling mass flow 
by 23 percent. 

The work of Paduano et al. (1993) is extended to the multi stage case by 
Haynes et al. (1994) who study a three-stage axial compressor. The same 
array of twelve upstream vanes is used for stabilization of rotating stall. By 
controlling the two first modes of rotating stall, an eight percent increase in 
operating flow range was obtained. 

Control of rotating stall using throttle/bleed valves 

The use of throttle or bleed valves is considered equivalent in the following, 
as all authors consider bleed valves downstream of the plenum. Thus, the 
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bleed flow will enter the equations of the Moore-Greitzer model in the same 
way as the throttle flow. 

By using the throttle valve as a rotating stall actuator it is possible to stabilize 
the peak of the compressor characteristic, in the sense that the hysteresis loop 
associated with rotating stall is eliminated. This is achieved by stabilizing 
the unstable part, plotted as a dotted line in Figure 1.12, of the compressors 
in-stall characteristic. That is, by controlling rotating stall using the throttle 
valve as actuator, the operating range of the compressor is not extended, but 
the hysteresis loop is eliminated. 

Bifurcation methods 
In Liaw and Abed (1992) and Liaw and Abed (1996) a control law for stabi­
lization of rotating stall in the Moore-Greitzer model using bifurcation anal­
ysis is designed. Construction of control laws using bifurcation theory is 
studied in Abed and Fu (1986) for Hopf-bifurcations and in Abed and Fu 
(1987) for stationary bifurcations. Gu et al. (1997b) study output feedback 
stabilization using bifurcation theory. The bifurcations of the Moore-Greitzer 
model have previously been studied by McCaughan (1989), and Liaw and 
Abed (1992) generalize this analysis by considering a general characteristic 
instead of a third order polynomial compressor characteristic. The throttle 
is used for actuation, and a control law u is designed for the throttle opening, 
such that 

(1.58) 

The uncontrolled system will have a sub critical pitchfork bifurcation at the 
equilibrium which will cause hysteresis. By linearizing the Moore-Greitzer 
model (1.16), using the rotating stall amplitude A as a state instead of its 
square, it is shown that the control law (the Liaw-Abed controller) 

u = kA2 = kJ (1.59) 

renders the stationary bifurcation at the equilibrium to be a supercritical 
pithfork bifurcation. The reason for the quadratic feedback is that when 
linearizing the Moore-Greitzer model, it comes clear that the unstable eigen­
value associated with rotating stall is not affected by linear control. Thus, 
if the throttle is used for actuation, linear control fails. On the other hand, 
it is shown by Liaw and Abed (1992), that a controller involving higher or­
der terms than kA 2 is unnecessary as this is the only term affecting system 
stability. According to Liaw and Abed (1996), this introduces a new stable 
equilibrium near the nominal equilibrium after the nominal equilibrium it­
self has lost stability, thus eliminating the undesirable jump and hysteresis 
behavior of the uncontrolled system. 

Badmus et al. (1995b) show that since the Liaw-Abed controller does not 
use rotating stall phase information, the bandwidth requirements of this con­
troller are relatively low. Simulations show that the stall inception point 
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can be stabilized even in the face of constraints on the actuator bandwidth 
and magnitude. The reduced actuation requirements were a consequence of 
the fact that the goal of this study was not to extend the stable operating 
range of the compressor, but rather to address persistent disturbances that 
would otherwise throttle the compressor into rotating stall. The approach is 
experimentally validated in Badmus et at. (1995c). 

Wang et at. (1994) also use the Liaw-Abed controller for control of rotating 
stall, but also investigate what happens if higher order Moore-Greitzer mod­
els are studied. By using a Moore-Greitzer model with N modes of rotating 
stall, Wang et at. (1994) show that the feedback from the squared amplitude 
of the first harmonic, as in (1.59), is sufficient to eliminate the hysteresis even 
if higher harmonics of rotating stall are present. Adomatis and Abed (1993) 
also study rotating stall control in higher order Galerkin approximations of 
the Moore-Greitzer model, and show that a term describing viscous momen­
tum transportation has to be included in the model in order to prevent all 
stall modes to have the same amplitude. As in Wang et at. (1994), the Liaw­
Abed controller is shown to render the stationary bifurcation supercritical 
also in this case. 

Motivated by the fact that the Liaw-Abed controller is dependent on mea­
suring the amplitude of rotating stall, Gu et al. (1997 a) study the problem 
of rotating stall control with less demanding sensing requirements. Although 
rotating stall amplitUde can be measured, this relies on two-dimensional sens­
ing. This is at present achieved by measuring the local flow coefficient using 
hot wires, Paduano et at. (1993), which are very delicate devices and not very 
suitable for e.g. gas turbine implementation, (Gu et at. 1997 a). 

Gu et at. (1997 a) propose to use the pressure coefficient IJ! for feedback, a 
measurement that only requires one-dimensional sensing. By using bifurca­
tion theory, it is then shown that the throttle control law 

K 
u= VW' (1.60) 

where K is a constant, stabilize the unstable part of the in-stall characteristic 
and thereby eliminate the hysteresis. The in-stall equilibria are shown to be 
(locally) asymptotically stable. In addition to achieving the same goals as 
Liaw and Abed (1992), the controller (1.60) shows promise for surge control, 
a task, according to Gu et at. (1997a), the Liaw-Abed controller is not well 
suited for. 

Similar results are found by Sparks and Gu (1997), who also use bifurcation 
theory to study stabilization of a equilibrium distinct from the stall point 
at the peak of the characteristic. Four different bleed valve controllers are 
considered: 

(1.61) 
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(1.62) 

(1.63) 

(1.64) 

where (~o, 'lto) are the equilibrium values. It is shown that the controllers 
(1.61) and (1.62) stabilize the unstable part of the in-stall characteristics, 
make the bifurcation supercritical, and eliminate the hysteresis. This is not 
in contradiction with the results of Liaw and Abed (1992) where it was con­
cluded that only feedback of the square of the rotating stall amplitude affects 
the bifurcation, because Sparks and Gu (1997) use error states from the equi­
librium (~o, 'lto), while Liaw and Abed (1992) use error states from the crit­
ical point. In addition to the less demanding measurements, the controllers 
(1.61) and (1.62) may also be effective in controlling surge and coupled stall 
and surge. 

A somewhat different approach to bifurcation stabilization of rotating stall 
using bleed valves is taken by Larsen et at. (1997) who propose to eliminate 
rotating stall by stabilizing a small limit cycle around the peak of the com­
pressor characteristic. By using the tools of singular perturbations, Larsen 
et al. (1997) show that this is achieved by using the so-called dynamic S­
controller 

u 

x 

1 --x 
TS + 1 
ro + k('lt - 'lt8(~)) _ r 

~ , 

(1.65) 

(1.66) 

where the equilibrium is determined by ro and r, and 'lt8(~) is defined to be 
the 'It along the locus of stabilizable equilibria of the system. 

Krstic and Wang (1997) and Wang and Krstic (1997b) study surge and rotat­
ing stall control for deep-hysteresis compressors. A model for deep-hysteresis 
compressors, or compressors with right-skew compressor characteristic, was 
developed by Wang and Krstic (1997 a). Throttle controllers of the form 

(1.67) 

are considered, and actuator dynamics of the form (1.65) are also taken into 
account. Krstic and Wang (1997) concludes that for right-skew compressors 
with actuator dynamics, the controller (1.67) with feedback from ~, 'It and R 
change the bifurcation at the peak from subcritical to supercritical. It is also 
shown that as actuator bandwidth decreases, the sensing requirements be­
come more demanding. Wang and Krstic (1997b) also show that 4>-feedback, 
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demonstrated by Eveker et al. (1995) to be effective in suppressing surge in 
small-hysteresis compressors, can cause surge in deep-hysteresis compressors. 

Another aspect of compressor control is taken into account by Wang et al. 
(1998), Wang (1998) and Krstic and Wang (1998), who apply extremum seek­
ing feedback to the Moore-Greitzer model in order to allow the compressor 
to operate at the peak of an unknown right-skew compressor characteristic 
and at the same time ensuring that the bifurcation point is supercritical. A 
bleed valve controller of the form (1.67) is used. However, due to the high 
bandwidth requirements of a bleed valve designed to stabilize rotating stall, 
air injection is used instead of bleed valves in experiments. Krstic and Wang 
(1998) emphasize that the peak seeking scheme can be combined with any 
of the stabilizing control laws for surge and rotating stall available in the 
literature, and also for other actuators than the throttle. These results are 
confirmed on an experimental compressor rig by Wang et al. (1998) and Wang 
(1998). 

All of the above controllers were derived using a one mode Galerkin approxi­
mation of the Moore-Greitzer model. Hendrickson and Sparks (1997) discuss 
the suitability of some of these control laws for higher order approximations. 
It is found that the improvement of the local and global behavior of the 
system using these control laws is severely tempered when additional modes 
in the approximation are considered. These findings motivate alternative 
control designs to eliminate the hysteresis associated with rotating stall. 

Backstepping methods 
There has been an number of papers published on stabilization of surge and 
rotating stall in axial compression systems using throttle control and the 
backstepping methodology of Krstic et al. (1995a). The first of these was 
Krstic and Kokotovic (1995) where control of both surge and rotating stall 
for the Moore-Greitzer model is undertaken. In the case of pure surge, the 
following control law for the throttle parameter is found 

where 
(3 = 2BH 

W' 

(1.68) 

(1.69) 

and B is Greitzer's B-parameter, Weo, Hand Ware the parameters of the 
third order polynomial compressor characteristic and kl' k2 are controller 
parameters. The control law (1.68) was found by using two steps of back­
stepping and a non-quadratic Lyapunov function, where cancelations of use­
ful nonlinearities were avoided. This control law renders the equilibrium 
globally asymptotically stable. When using the same approach on the full 
Moore-Greitzer model, that is rotating stall is taken into account, a similar 
controller is found. However, the rotating stall controller requires feedback 
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from the rotating stall amplitude. This non-desirable sensing requirement is 
alleviated in Krstic et al. (1995b), where the throttle controller 

-2 

(~ '11) = r +,B k('I1 - co~) 
'YT , vW' (1. 70) 

is shown to globally asymptotically stabilize the unstable equilibria on the 
in-stall characteristic, and thereby eliminating the hysteresis associated with 
rotating stall. This control law is found by using a two-step backstepping 
procedure on the full Moore-Greitzer model. In (1.70), 7J is a known upper 
bound on ,B defined in (1.69), and k and Co are controller parameters. The 
set point parameter r depends on the controller gains and the equilibrium 
value, and is also a bifurcation parameter for the system. The bifurcation 
properties of the Moore-Greitzer model under control (1.70) is studied in 
Krstic et al. (1998), where it is found that the bifurcation at the peak of the 
compressor characteristic is changed from subcritical to supercrital, which is 
also the case for the Liaw-Abed controller (1.59). However, since Krstic et 
al. (1998) use Lyapunov tools, the controller (1.70) achieves, as opposed to 
the Liaw-Abed controller, not only local, but global stability. 

Banaszuk and Krener (1997) design throttle controllers for the Moore-Greitzer 
model with general compressor characteristics. It is shown that every poten­
tial axisymmetric equilibrium on the decreasing part of the compressor char­
acteristic, the peak of the characteristic, and every rotating stall equilibrium 
close to the peak can be globally stabilized by an appropriate choice of the so­
called throttle surface and the controller gains. Banaszuk and Krener (1997) 
stress the use of information about the shape, e.g. slopes and curvatures, 
of the characteristic instead of using particular parameterizations. As other 
results on surge/stall controller design are either global for specific charac­
teristic or local for general characteristic, the results of Banaszuk and Krener 
(1997) fill the gap by providing global results for general characteristics. The 
throttle surface is the graph of the throttle function 

(1.71) 

Construction of the controller is equivalent to choosing the throttle function 
~(~,A) and the gain C\lI. Then, the function h(~,A) can be found from 
(1.71), and the throttle parameter 'YT can be obtained from 

C\lI'I1+h(~,A) 
'YT = vW . (1. 72) 

The throttle surface and the gain C\lI is found by using a three-step backstep­
ping process. It it named graph backstepping because of its simple graphical 
interpretation. These results are generalized and presented in detail in Ba­
naszuk and Krener (1998). 
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Banaszuk et al. (1997b), Banaszuk et at. (1997a) and Banaszuk et al. (1998) 
avoid the usual Galerkin approximation, and design throttle controllers for 
rotating stall and surge in the PDE, or full, Moore-Greitzer model (1.14). 
Banaszuk et al. (1997b) derive a controller using the minimum of the stall 
cell for feed back: 

"IT = <I> + cw(ming, <1» (w - wc(r) - c<I>(ming, <1»(<1> - r - cgl mingl)) 
(1. 73) 

where 9 = - 8;r/ and Y is defined in (1.14), is found by the use of a three 
step nonsmooth backstepping procedure using Dini derivatives. 

Other methods 
Harris and Spang (1991) use a bleed valve to suppress both surge and rotat­
ing stall in the Moore-Greitzer model, and thus extend the stable operating 
regime of the compressor. The control suppresses stall by bleeding air from 
the plenum in proportion to the squared stall amplitude J and its integral, 
and it suppresses surge by bleeding in proportion to to the negative rate of 
change of the mean flow: 

(1.74) 

where the controller gains C1 , C2 and C3 are dependent of the physical char­
acteristics of the compressor-plenum system and the throttle setting. 

Leonessa et al. (1997 a) derive a multi mode Moore-Greitzer model similar 
to that of Mansoux et al. (1994). By using this model it is shown that 
the second and higher order harmonics of rotating stall strongly interact 
with the first harmonic during stall inception. Using Lyapunov stability 
theory, a nonlinear globally stabilizing throttle control law based on equilibria 
dependent Lyapunov functions is derived. This control law is compared to 
a backstepping controller designed for the basic one-mode Moore-Greitzer 
model. The result is that the multi mode controller stabilizes the system 
when a two-mode model is used, whereas the backstepping controller drives 
the system into stall. 

Another important aspect of active surge and stall control is the disturbance 
rejection capabilities and robustness of the proposed controllers. Greitzer 
and Moore (1986) recognized that research is needed on modeling of distur­
bances in compression systems. The reason for this being that disturbances 
may initiate surge or rotating stall. As opposed to most other methods of 
stall/surge control using the throttle, Haddad et at. (1997) take disturbances 
and uncertainties in the compressor map into account. The Moore-Greitzer 
model is used, augmented with disturbance signals Wl,2(~) in the stall am­
plitude and mass flow equations. The disturbances are assumed to be square 
integrable, that is Wl,2(~) E £2. A highly nonlinear throttle control law is 
derived using Lyapunov's method and it is shown that this controller ensures 
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global asymptotic stability in the case of no disturbances and convergence to 
a set when the disturbances are present. In a simulation study, the controller 
is compared to backstepping and bifurcation based controllers. It is demon­
strated that the developed disturbance rejection controller is the only one able 
to reject the disturbances, and that the locally stabilizing bifurcation-based 
controller actually drives the disturbed system into rotating stall. Haddad 
et al. (1997) also study uncertainties in the compressor characteristic and 
assume that 

(1. 75) 

where III Cnom is the nominal third order polynomial compressor characteristic, 
and Ll III c( ~) is an uncertain perturbation of this nominal characteristic. A 
robust throttle control law is derived using Lyapunov theory, and it is shown 
to globally stabilize the peak of the nominal compressor characteristic. Via 
simulations it is demonstrated that the robust controller stabilizes the peak, 
while backstepping-based and bifurcation-based controllers drive the system 
into rotating stall. These results are extended to the multi mode case by 
Leonessa et al. (1997b), 

Control of rotating stall using air injection 

By using the throttle valve as an actuator for control of rotating stall and us­
ing the bifurcation or backstepping methods of the previous section to design 
control laws, rotating stall is not suppressed, but the hysteresis associated 
with it is avoided. Air injection schemes aim at eliminating the stall cells 
and extending the stable operating range of the compressor. 

The first study of air injection as a means of active stall control was pre­
sented by Day (1993a). This experimental study was conducted on an four 
stage axial flow compressor fitted with an array of twelve individually con­
trollable injection valves. These valves were positioned near the tips of the 
first rotor. Two different methods were used to delay the onset of rotating 
stall. According to the study by Garnier et at. (1991), rotating stall in some 
cases develops from small amplitude disturbances. Day (1993a) employs air 
injection to damp out these disturbances and achieves an improvement in 
stall margin of four percent. However, several studies such as Day (1993b), 
Lawless et al. (1994) or Escuret and Garnier (1996) have shown that stall 
cells can originate without any detectable precursive build up. In this case 
Day (1993a) used the injection valves to damp out the stall cell after it had 
emerged. This gave an increase in stall margin of about six percent. In the 
case of surge, it was shown that this instability is preceded by a brief period 
of rotating stall, and by using the air injection scheme to eliminate the stall, 
surge is also suppressed. 

Khalak and Murray (1994) use a single air injector as an actuator for con­
trol of rotating stall, while D'Andrea et at. (1995) extend this work and use 
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three injectors. D'Andrea et al. (1995) use pulsed air injection as opposed 
to the proportional injection studied by Day (1993a), as this is regarded a 
more viable technology for implementation on real gas turbines. D'Andrea 
et al. (1996) explain the stabilizing effect of the pulsed air injection scheme 
by performing a bifurcation analysis of the Moore-Greitzer model, and model 
the effect of the air injectors as an unsteady shift in the compressor charac­
teristics. 

Behnken and Murray (1997) study the simultaneous stabilization of rotating 
stall and surge. This is achieved by using a bleed valve for surge and air injec­
tion for rotating stall. The controllers are analyzed using the Moore-Greitzer 
model, and the analysis is based on the surge dynamics acting on a slow time 
scale relative to the rotating stall dynamics. A bleed valve controller on the 
form 

(1. 76) 

where kl is a constant is used. The stall control law of Behnken et al. (1995) 
for the air injectors shifts the compressor characteristic such that 

(1.77) 

where "\II Cnom is the usual third order polynomial compressor characteristic, 
k2 is a constant and 

(1.78) 

is the rotating stall controller. Due to the different time scales of the surge 
and stall dynamics, the method of singular perturbations is used. The fast 
(stall) and slow (surge) systems are both shown to be uniformly asymptot­
ically stable and the total system is therefore locally stable. These find­
ings are confirmed experimentally, and a detailed study is found in Behnken 
(1997). As opposed to the nonaxisymmetric air injection of Behnken et al. 
(1995), Yeung and Murray (1998) use axisymmetric air injection to achieve 
simultaneous stabilization of stall and surge. Yeung and Murray (1997 a) use 
continuous air injection to shift the compressor characteristic and thereby re­
ducing the bandwidth and magnitude requirements of a bleed valve actuator 
in performing bleed valve control of rotating stall. In van Schalkwyk et al. 
(1997) it is shown that it is possible to increase the stable operating range of 
an axial compressor operating with large inlet pressure distortion by using a 
combination of upstream injection and downstream bleeding. Air injectors 
are also used in Weigl and Paduano (1997) to stabilize stall and increase the 
operating range of a transonic axial compressor. 

Other schemes for rotating stall control 

Baillieul et al. (1995) use inlet flow disturbances that introduce variations in 
the shut-off head of the compressor as a means of eliminating the hysteresis 
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associated with rotating stall. This is an open loop approach, and it is shown 
by bifurcation analysis that the hysteresis is eliminated. 

1.10 Sensor / act uator selection in surge/stall 
control 

1.10.1 Motivation 

Among several possible actuators for stabilizing compression systems, the 
throttle valve or bleed valves have been the most commonly used, at least in 
the control literature. Other possibilities include variable inlet guide vanes, 
loudspeaker, tailored structures, recirculation, movable wall, air injection or 
control valves in various configurations. What actuator to use depends on the 
application and the compression system at hand, but it is evident that the 
performance of the closed loop system depends on the right choice of actua­
tor. This is also true for the measurements of the system. Possible choices 
are mass flow or velocity measurements, total or static pressure measure­
ments at various locations and temperature measurements. Several studies 
on sensor-actuator selection have been published, some of which will be pre­
sented below. 

1.10.2 Selection of sensors and actuators for surge con­
trol 

Simon (1993) and Simon et at. (1993) present the first systematic definition 
of the influence of sensor and actuator selection on increasing the range of 
stabilized compressor performance. The results show that proper choice of 
sensor as well as actuator crucially affects the ability to stabilize the compres­
sion system. According to Simon et al. (1993), theoretically, surge requires 
only a single sensor and actuator, with many choices available for their type 
and location. However, as pointed out by van de Wal et al. (1997), in practice 
disturbances and actuator limitations may playa role, and stabilization with 
a single sensor and actuator may become impossible. Simon et al. (1993) 
study combinations of one of the following sensors: 

1. compressor duct mass flow 

2. plenum pressure 

3. compressor face static pressure 

4. compressor face total pressure 
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with one of the following actuators: 

1. injection in the compressor duct 

2. close-coupled control valve 

3. plenum bleed valve 

4. plenum heat addition 

5. movable plenum wall. 

By using a linearization of the Greitzer model (1.9) and employing feedback 
control using a proportional control law, Simon et al. (1993) computed closed 
loop transfer functions for the various sensor-actuator combinations. By com­
paring these control schemes it is concluded that there is no best sensor inde­
pendent of the actuator. The figure of merit used to assess the actuator-sensor 
pairs was to examine the stability boundaries in a compressor slope versus B­
parameter plane. Only the actuators located in the compressor duct, which 
act upon the compressor duct momentum (close-coupled valve and injector) 
are capable of stabilization at steep compressor characteristic slopes over the 
full range of Greitzer's B-parameter. If the combination of mass flow sensing 
and close coupled valve actuation is used, the compression system may be 
stabilized over an unlimited range of mass flows, although large values of 
gain may be required with large slopes or B-parameters. Consequently, this 
sensor-actuator combination is regarded to be the most promising of the ones 
evaluated in this study. 

Van de Wal et al. (1997) use an Input Output (10) selection method to select 
sensors and actuators for the compressor surge control problem. The method 
is studied in detail in van de Wal (1998). Three candidate actuators: Close­
coupled valve, bleed valve and movable plenum wall, and four measurements: 
Compressor duct mass flow, plenum pressure, total compressor face pressure 
and static compressor face pressure are proposed. These measurements and 
actuators are a subset of the ones considered by Simon et al. (1993). The 10 
selection of van de Wal et al. (1997) is more rigorous than the one of Simon et 
al. (1993) in the sense that not only single actuator and single sensor solutions 
are examined. Moreover, as opposed to the proportional controllers of Simon 
et al. (1993), dynamic output feedback is allowed for. The linearization ofthe 
Greitzer model (1.9) is also used here, and 10 selection is aimed at finding 
the 10 set(s) for which a controller exists that stabilizes the nominal model. 
This is quantified with a requirement on the 1ioo-norm of the closed loop. In 
this framework, disturbances, sensor noise and actuator limitations are also 
taken into account. The proposed actuators and sensors can be combined to 
105 different 10 sets including the full 10 set with all sensors and actuators 
and 12 10 sets with a single actuator and sensor. Van de Wal et al. (1997) 
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conclude that among the proposed actuators and sensors, the close-coupled 
valve and mass flow sensor are the most promising for the considered system, 
but a movable wall should be added to meet the performance specifications. 
These findings are presented in more detail in van de Wal and Willems (1996). 

It is interesting to note that both studies presented above conclude that 
actuating the compression system with a close coupled valve with feedback 
from compressor duct mass flow measurement is the most promising approach 
of the ones considered. The use of a CCV for surge control will be elaborated 
upon in Chapter 2. 

1.10.3 Selection of sensors and actuators for rotating 
stall control 

Hendricks and Gysling (1994) study sensor-actuator pairings for control of 
rotating stall in axial compressors. The approach is based on using the sensor 
to detect the small amplitude traveling waves shown by Garnier et al. (1991) 
to precede rotating stall in some cases. However, Day (1993b) among others 
have shown that this traveling wave is not always present. Hendricks and 
Gysling (1994) consider the following actuators: 

1. circumferential arrays of jets 

2. intake ports 

3. movable inlet guide vanes 

4. downstream valves, 

and the following measurements: 

1. axial velocity 

2. static pressure 

3. total pressure. 

The jets and intake ports are similar physically, the only difference being 
their supply pressure. Active control of rotating stall is in this study based 
on a linear model of its initiation. The model implies that, at the inception 
of the instability, small amplitude, long wavelength, traveling waves develop 
in the compressor annulus, grow in amplitude, and eventually develop into 
rotating stall cells. The study only considers actuators closely coupled to the 
compressor. This eliminates the time delay associated with the convection of 
the vortical component of the control disturbance from the actuator to the 
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compressor, which according to Hendricks and Gysling (1994) was found to 
have a destabilizing effect. The controllers used are proportional control laws 
with complex gains: 

u = Zy, (1.79) 

where Z = IZlei.B is the complex gain and y is the measurement. In addi­
tion the actuators are modeled as first-order time-lag systems. Three per­
formance parameters were used in comparing the different control schemes: 
the largest positive compressor characteristic slope that the closed loop sys­
tem can achieve, the phase margin of the controller and the rotation rate 
of the controlled perturbation. The comparasion reveals that the most ef­
fective method is the use of upstream jets with feedback from axial velocity 
measurements. 

1.10.4 Actuator requirements 

Both Simon et al. (1993), Hendricks and Gysling (1994) and van de Wal et al. 
(1997) recognize actuator constraints such as bandwidth limitations as im­
portant problems in chosing sensors and actuators and designing surge/stall­
controllers. 

In the case of bleed valve actuation of rotating stall, analysis of bleed valve 
rate requirements are presented in the series of papers Yeung and Murray 
(1997b), Wang and Murray (1997), Yeung et al. (1998) and Wang and Mur­
ray (1998). Yeung et al. (1998) use simultaneous air injection and bleed 
valve actuation to control rotating stall and show that compressor character­
istic actuation via air injection reduces the bleed valve rate and magnitude 
requirement for stall control. 



CHAPTER 2 

CLOSE COUPLED VALVE CONTROL 
OF SURGE AND ROTATING STALL 
FOR THE MOORE-GREITZER MODEL 

2.1 Introduction 

2.1.1 Motivation and main idea 

In this Chapter, controllers for surge and rotating stall using a CCV are de­
rived. Surge control using a CCV has been studied by several authors. Here, 
this approach will be used also for rotating stall control. When using the 
throttle as an actuator for rotating stall control, the rotating stall-equilibria 
to the left of the surge line can be stabilized and the bifurcation is changed 
from subcritical to supercritical, elliminating the hysteresis. On the other 
hand, it will be shown here that the use of CCV-control stabilizes a new 
axisymmetric equilibrium to the left of the surge line, at the cost of a certain 
pressure drop over the valve. This pressure drop is comparable in size to the 
pressure loss created by operating the compressor in rotating stall. 

2.1.2 Previous work 

Several possible actuators exists for stabilizing compression systems. Krstic et 
al. (1995b), Badmus et al. (1996) and others suggest using a variable throttle 
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valve, Eveker and Nett (1991), Yeung and Murray (1997b) and others use 
bleed valves. These two actuators have been the most commonly used, at 
least in the control literature. However, there are many other possibilities: 
Paduano et al. (1993) use variable inlet guide vanes, a loudspeaker is used 
by Ffowcs Williams and Huang (1989), tailored structures in Gysling et al. 
(1991), recirculation is studied by Balchen and Mumme (1988), a movable 
wall in Epstein et al. (1989) and finally Day (1993a) and Behnken and Murray 
(1997) employ air injection. However, as mentioned in Section 1.10, Simon et 
al. (1993) and van de Wal et al. (1997) claimed that the use of a close-coupled 
valve is among the most promising actuators for active surge control. 

The use of a CCV for control of compressor surge was studied by Dussourd et 
al. (1976), Greitzer (1981), Pinsley et al. (1991), Simon and Valavani (1991), 
Simon et al. (1993) and Jungowski et al. (1996). Experimental results of 
compressor surge control using a CCV was reported by Erskine and Hensman 
(1975) and Dussourd et al. (1977). Simon et al. (1993) compared, using linear 
theory, this strategy to a number of other possible methods of actuation and 
sensing. The conclusion was that the most promising method of surge control 
is to actuate the system with feedback from the mass flow measurement to 
a CCV or an injector. In line with this conclusion are the recent results of 
van de Wal and Willems (1996) and van de Wal et al. (1997), where nonlinear 
controllers were derived based on Hoo performance specifications. 

Dussourd et al. (1976), Greitzer and Griswold (1976), Dussourd et al. (1977), 
Greitzer (1977) and Greitzer (1981) conclude that downstream components in 
compression systems have an impact on the onset of rotating stall. Dussourd 
et al. (1977) used a CCV to achieve a significant extension of flow range, and it 
was concluded that the CCV also affected the onset of rotating stall as well as 
surge. Osborn and Wagner (1970) report of experiments where rotating stall 
in an axial-flow fan rotor was suppressed, at the cost of a drop in efficiency, 
by a movable "door" close coupled downstream of the rotor. The door had 
a similar geometry to that of a axisymmetric nozzle, and the experimental 
setup simulated a turbofan engine. Greitzer (1977) found that a downstream 
nozzle shifted the point of onset of rotating stall to lower mass flows, however 
the effect was strongest for single cell, full span stall. The Moore-Greitzer 
model, which is going to be used in this Chapter, assumes a high hub to 
tip ratio compressor, which is likely to exhibit full span stall. Moreover, 
Greitzer (1977) found that the stabilizing effect of the nozzle falls rapidly with 
increasing distance between compressor and nozzle, and thereby emphasizing 
the importance of close coupling between compressor and actuator, a point 
also made by Hendricks and Gysling (1994). Based on this, the CCV will in 
this Chapter not only be used to stabilize surge, but also rotating stall. 

Simon and Valavani (1991) studied the stability of a compressor with CCV 
control by using a Lyapunov function termed the incremental energy. The 
control law developed by Simon and Valavani (1991) requires knowledge of 
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the compressor characteristic, and additional adjustments to the controller 
dictated by the Lyapunov analysis is performed in order to avoid a discon­
tinuous controller. 

In this Chapter we will use the backstepping methodology of Krstic et al. 
(1995a) to derive a control law for a CCV which gives a GAS equilibrium 
beyond the original surge line. Simon and Valavani (1991) studied the effect 
on stability of disturbances in pressure rise. This will also be considered here, 
and in addition we will also consider disturbances in the plenum outflow. 
In the case of pressure disturbances only, we will derive a controller that 
only requires knowledge of an upper bound on the slope of the compressor 
characteristic in order to guarantee stability. Discontinuity is not a problem 
with this controller. Under mild assumptions on the disturbances, global 
uniform boundedness and convergence will be proven in the presence of both 
pressure and mass flow disturbances. Constant disturbances or offsets will 
also be considered. 

Krstic and Kokotovic (1995) and Krstic et al. (1995b) used backstepping to 
design anti surge and anti stall controllers. The actuator used was a variable 
throttle. Here, we use the pressure drop across the CCV as the control 
variable. Pinsley et al. (1991) pointed out that in compression systems with 
large B-parameter, the use of a CCV is expected to be more effective than 
the use of the throttle in control of surge. In this case the flow through the 
throttle is less coupled with the flow through the compressor than is the case 
when the B-parameter is small. Pinsley et al. (1991), Krstic and Kokotovic 
(1995) and Krstic et al. (1995b) use feedback from mass flow and pressure. 
As will be shown, the application of the backstepping procedure to CCV 
surge and stall control, in the case of no mass flow disturbances, results in 
a control law which uses feedback from mass flow only. Although reducing 
the number of measurements from two to one, measuring mass flow is more 
challenging than measuring pressure. As opposed to throttle control, CCV 
control modifies the compressor characteristic. This allows for, at the cost of 
a pressure loss over the valve, recovery from rotating stall beyond the surge 
line. Although the pressure rise achieved in the compression system with 
a steady pressure drop across the CCV is comparable with the pressure rise 
achieved when the machine is in rotating stall, the CCV approach is to prefer 
as the possibility for blade vibration and high temperatures is avoided. 

2.2 Preliminaries 

2.2.1 The Model of Moore and Greitzer 

Several dynamic models for the unstable operation of compression systems 
have been proposed in the last decade, but the model of Moore and Greitzer 
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(1986) stands out in the sense that rotating stall amplitude is included as a 
state, and not manifested as a pressure drop which is the case in the other 
models. 
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Figure 2.1: Compression system. 

The low order l model of Moore and Greitzer (1986) captures the post stall 
transients of a low speed axial compressor-plenum-throttle (see Figure 2.1) 
system. The main assumptions made by Moore and Greitzer (1986) in deriv­
ing the model are: incompressible compressor mass flow, compressible flow 
in the plenum, spatially uniform plenum pressure and short throttle duct. A 
large hub-to-tip ratio rhtt is also assumed, so that a two-dimensional descrip­
tion seems reasonable. Cohen et al. (1996) states that 

rhtt > 0.8 (2.1) 

implies that axial movement of the fluid is dominant and any effect due to 
radial movement of the fluid is ignored. 

The three differential equations of the model result from a Galerkin approx­
imation of the local momentum balance, the annulus-averaged momentum 
balance and the mass balance of the plenum, as shown in Section 1.5.3. A 
cubic compressor characteristic is assumed. The model is repeated here for 

IThe term "low order" refers to the simplicity of the model, three states, compared to 
the complex fluid dynamic system it models. 
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conveinience: 

w = 

<1> 

j 

where 

• <1> is the annulus averaged mass flow coefficient (axial velocity divided 
by compressor speed), where the annulus average is defined as 

~ r21r ¢(~,O)dO ~ <1>(0, 
27r Jo 

and ¢(~, 0) is the local mass flow coefficient, 

• W is the non dimensional plenum pressure or pressure coefficient (pres­
sure divided by density and the square of compressor speed), 

• J is the squared amplitude of rotating stall amplitude 

• <1>T(W) is the throttle mass flow coefficient and 

• le is the effective flow-passage nondimensionallength of the compressor 
and ducts defined as 

(2.3) 

where the positive constant a is the reciprocal time-lag parameter of 
the blade passage. 

For a discussion of the employed nondimensionalization, consult Appendix C. 
The constant B > 0 is Greitzer's B-parameter defined by Greitzer (1976a) as 

(2.4) 

where U is the constant compressor tangential speed (in m/s) at mean diam­
eter, as is the speed of sound, Vp is the plenum volume, Ae is the flow area 
and Le is the length of ducts and compressor. The constant {! > 0 is defined 
as 

3aH 
(2.5) 

{! = (1 + ma) W ' 
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where m is the compressor-duct flow parameter, H is the semi-height of the 
compressor characteristic and W is the semi-width of the compressor charac­
teristic. The time variable ~ used throughout this chapter is also nondimen­
sional, and is defined as 

~ ~ UtjR (2.6) 

where t is the actual time and R is the mean compressor radius. The notation 
<i> is to be understood as the derivative of <I> with respect to ~, that is <i> = ~~. 

Relaxing the constant speed assumption is important for studying effects of 
set point changes, acceleration, deceleration, etc. A model taking variable 
speed into account will be developed in Chapter 4, but will not be considered 
further here. 

In the case of pure surge, that is when J == 0, the model reduces to that of 
Greitzer (1976a): 

1 
<i> = z:{Wc{<I» - w) (2.7) 

1 
~ = 4B2lc (<I> - <I>T(W)), 

Actually, in Greitzer (1976a), the model was written 

The discrepancy in the constants is due to Greitzer (1976a) defining nondi­
mensional time as ~ = tw H, where 

[A: 
wH=ay~ (2.8) 

is the Helmholtz frequency. Here, non dimensional time is defined according 
to (2.6), as was also done by Moore and Greitzer (1986). The model (2.7) was 
derived for axial compression systems, but it was demonstrated by Hansen 
et al. (1981) that the model also is applicable to centrifugal systems. 

The pressure rise of the compressor is a nonlinear function of the mass flow. 
This function, W c{ ¢), is known as the compressor characteristic. Different 
expressions for this characteristic have been used, but one that has found 
widespread acceptance in the control literature is the cubic characteristic of 
Moore and Greitzer (1986): 



2.2 Preliminaries 69 

where the constant 1/JcQ > 0 is the shut-off value of the compressor char­
acteristic. The cubic characteristic with the parameters 1/JcQ, Wand H is 
shown in Figure 2.2. Mansoux et al. (1994), Sepulchre and Kokotovic (1996) 
and Wang and Krstic (1997 a) suggest other compressor characteristics for 
axial compressors, and Hansen et al. (1981) presents an alternative polyno­
mial characteristic for centrifugal compressors. However, the cubic seems to 
capture the general shape of the compressor characteristic of a large class 
of compressors. The nondimensionalization employed, transforms the usual 
family of curves in the compressor map, one for each compressor speed, to 
one single characteristic given by (2.9). Nisenfeld (1982) and Badmus et al. 
(1996) concludes that this is in fact a statement of the Fan law relation. The 
surge line, which passes through the local maxima of the family of curves is 
transformed to the local maximum of (2.9). The throttle mass flow ~T(W) is 

~--2W---~~ 

2H 

j 

'l/Jco 

Figure 2.2: Cubic compressor characteristic of Moore and Greitzer (1986). 
The constants Wand H are known as the semi width and semi height, re­
spectively. 

given by the throttle characteristic 

(2.10) 

where "iT is the throttle gain. The inverse throttle characteristic 

(2.11) 

is shown in Figure 2.5. 
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2.2.2 Close Coupled Valve 

A compressor in series with a CCV will be studied in the following. According 
to Simon and Valavani (1991), with "close-coupled" it is to be understood 
that the distance between the compressor outlet and the valve is so small 
that no significant mass storage can take place, see Figure 2.3. 

CCV 

Compressor Plenum 

<I>T (\lI) 
Throttle 

Figure 2.3: Compression system with CCV 

The assumption of no mass storage between the compressor and the valve 
allows for the definition of an equivalent compressor. This term was intro­
duced by Simon and Valavani (1991). The pressure rise over this equivalent 
compressor is the sum of the pressure rise over the compressor and the pres­
sure drop over the valve. The pressure drop over the valve will be used as 
the control. This will allow for manipulation of the equivalent compressor 
characteristic, given by 

(2.12) 

where 'l1c {«I» and 'l1v{«I» are the compressor pressure rise and valve pressure 
drop respectively and «I> is the axial mass flow coefficient. The motivation 
behind this, is that the slope of the compressor characteristic determines the 
stability properties of the equilibrium of the system, and this slope can be 
varied by varying the pressure drop over the CCV. The use of the CCV as an 
actuator for surge control is also elaborated upon in Section 5.7, where the 
stabilizing effect of such a valve is discussed in connection with the destabi­
lizing effect of incidence losses. 

The CCV has a characteristic given by 

1 2 
'l1v{«I» = "2«I> , 

'Y 
(2.13) 

where 'Y > 0 is proportional to the valve opening. We now set out to re­
peat the modeling and Galerkin approximation of Moore and Greitzer (1986) 
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with the equivalent characteristic \]i' e replacing \]i' c. Equation (5) in Moore 
and Greitzer (1986), which gives the pressure rise across the compressor, is 
modified according to 

PE - PI 1 (8¢ 8¢) 
pU2 = NsF(¢) - 2a 2 8~ + 8() -\]i'v(¢) (2.14) 

, ~ 

'" Equation (5) in Moore and Greitzer (1986) 

where PI and PE is the static pressure at the entrance and exit of the equiva­
lent compressor, p is the constant inlet density, U is the compressor speed at 
mean diameter, Ns is the number of compressor stages, F( ¢) is the pressure 
rise coefficient in the blade passage, and () is the angular coordinate around 
the wheel. Equation (2.14) now gives the pressure rise over the equivalent 
compressor. 

Using (2.14) as a starting point and following the derivation of Moore and 
Greitzer (1986), the following model is found2 : 

(2.15) 

which will be used in design of stall/surge controllers in this chapter. In the 
simpler case of pure surge, J is set to zero, and we are left with the model 

1 
4B2lc (c) - c}T( 1/1)) (2.16) 

1 
~ = lc"(~c(c}) -: \]i'v(c}~ -\]i') 

1{1.(~) 

which will used in the study of surge control. 

2.2.3 Equilibria 

The compressor is in equilibrium when ~ = lit = j = O. If J(O) = 0 then 
J == 0 and the equilibrium values ¢o and 1/10 are given by the intersection 

2The complete derivation is shown in Appendix D. 
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of we(lJ» and the throttle characteristic. If J(O) > 0, and the throttle char­
acteristic crosses we to the left of the local maximum, the compressor may3 
enter rotating stall and the equilibrium values rPo and 'l/Jo are given by the 
intersection of the throttle characteristic and the stall characteristic W es ( IJ> ) 
which is found by analyzing the i-equation of (2.15). It is seen that i = 0 is 
satisfied for J = 0 or 

J = J = 4 (1- (~_1)2 _ ~ 4WIJ» 
e W ,2 3H . 

Inserting (2.17) in the <)-equation of (2.15) and setting <) 
expression for W es (rP) : 

where 

w,(~) =;;,,+H (1- ~ (; -1) +~ (; -1)') 

(2.17) 

o gives the 

(2.18) 

(2.19) 

is the stall characteristic found when the CCV is not present. In Figure 2.4 
the various characteristics are shown. As can be seen, the throttle line in­
tersects we in a point of positive slope, that is in the unstable area of the 
compressor map, and the compressor would go into rotating stall or surge. By 
introducing the CCV, the throttle line crosses the equivalent characteristic 
we in an area of negative slope. This new equilibrium is thus stable. 

2.2.4 Change of Variables 

The equilibrium of the compression system without the presence of the valve, 
is at the intersection of the compressor characteristic W c( cp) and the throt­
tle characteristic IJ>T(W). When introducing the CCV into the system, the 
equilibrium is shifted to the intersection of the equivalent compressor charac­
teristic we ( IJ» and the throttle characteristic IJ>T(W), The equilibrium values 
are then related through 

(2.20) 

To prepare for the analysis of the system, it is desirable to perform a change 
of coordinates on the system equations so that the origin becomes the equi­
librium under study. The new coordinates are defined as 

W -'ljJo 

IJ> - rPo. 
(2.21) 

3This depends on the numerical value of B. Greitzer and Moore (1986) showed that 
small B gives rotating stall, and large B gives surge. 
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Figure 2.4: Compressor and throttle characteristics. 

The system characteristics in the new coordinates are defined as 

~e(¢) 'lIe(¢ + 1;0) - 'lI e(1;o) 

'lI e ( ¢ + 1;0) - 'ljJo (2.22) 

~~(¢) 'lI c ( ¢ + 1;0) - 'ljJo (2.23) 

~v(¢) 'lI v ( ¢ + 1;0) - 1/;0 (2.24) 

~T(~) q;T(~ + 1/;0) - 1;0' (2.25) 

Using (2.9), the transformed compressor characteristic (2.23) can be calcu­
lated as 

(2.26) 

where 

(2.27) 



74 CCV Control of Surge and Rotating Stall for the MG Model 

kl 3H¢o (¢o _ 2) 
2W2 W ' 

(2.28) 

k2 3H (¢o ) 2W2 W -1 , (2.29) 

k3 
H 

(2.30) 2W3· 

It can be recognized that k3 > 0, while kl ~ 0 if the equilibrium is in the 
unstable region of the compressor map and kl > 0 otherwise. The sign of k2 
may vary. If ¢o > W then k2 > 0, and if ¢o < W then k2 < o. 
Using the definition of the equivalent compressor (2.12) and the definition of 
1/Jo in (2.20), it can be shown that 

Combining (2.31) with (2.27) we get the simple result 

~co = wv(¢o), 

(2.31) 

(2.32) 

which could have been seen directly from Figure 2.5. The Moore-Greitzer 
model (2.15) can now be written in the new coordinates as 

By defining 
(2.34) 

where 
A A 6. A3 A2 A 
Wc(¢) = -k3¢ - k2¢ - k1¢, (2.35) 

the model (2.33) can be written 
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Figure 2.5: Change of variables, principal drawing 

where the control u has been selected as 

In the case of pure surge, the model (2.36) reduces to 

(2.38) 

Simon and Valavani (1991) suggested using the pressure drop across the valve 
as the control variable u. This approach will also be taken here. Our aim 
will be to design a control law u for the valve such that the compressor can 
be operated also on the left side of the original surge line without going into 
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surge or rotating stall. That is, we are going to use feedback to move the 
surge line towards lower values of ~, and thus expand the useful range of 
mass flows over which the compressor can be safely operated. 

It is evident that there must exist a pressure drop over the valve when the 
compressor is operated in a previously unstable area. The price paid for a 
larger operating range, is some pressure loss at low mass flows. A further dis­
cussion of the steady state pressure loss can be found in Simon and Valavani 
(1991). 

2.2.5 Disturbances 

As in all types of physical systems, disturbances will occur in the compression 
system. Greitzer and Moore (1986) stated that this is a topic that need 
more study, at least in the case of the disturbances initiating stall and surge. 
Some research have been done in this area. Hynes and Greitzer (1987), 
DeLaat et at. (1996) and others have studied the effect of circumferential inlet 
flow distortion on the stability properties, and Simon and Valavani (1991), 
Haddad et at. (1997) and others studied mass flow and pressure disturbances. 
Baghdadi and Lueke (1982) study the effect of inlet temperature distortion 
and find the effects of this type of distortion to be as significant as those 
of inlet pressure distortion. From a control theory point of view it is also 
important to investigate what performance the closed loop system will have 
when disturbances is taken into account. 

As in Simon and Valavani (1991), the effect of a pressure disturbance ~d(~)' 
and a flow disturbance <I>d(~) will be considered here. The pressure distur­
bance, which may arise from combustion induced fluctuations when consid­
ering the model of a gas turbine, will accelerate the flow. As pointed out 
by van de Wal and Willems (1996), the flow disturbances may arise from 
processes upstream of the compressor, other compressors in series or an air 
cleaner in the compressor duct. In the case of an aircraft jet engine, large 
angle of attack or altitude variations may cause mass flow disturbances ac­
cording to van de Wal and Willems (1996) and DeLaat et at. (1996). Also, 
DeLaat et al. (1996) reports of a number of aircraft maneuvers (full-rudder 
sideslips, wind-up turns, etc.) causing inlet airflow disturbances in the jet 
engine of a F-15 fighter. 

In the analysis of Simon and Valavani (1991) <I>d(O is set to zero. Distur­
bances in stall/surge control are also studied by Haddad et al. (1997), with 
disturbances assumed to converge to zero. Here, both types of disturbances, 
mass flow and pressure, will be considered. The disturbances are time vary­
ing, and the only assumption made at this point is boundedness, that is 
lI<I>dlloo and lI~dlloo exist. In addition to time varying disturbances, constant, 
or slow varying, offsets will be introduced into the model. This is of particu-
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lar interest when e.g. a constant negative mass flow disturbance pushes the 
equilibrium over the surge line, initiating surge or rotating stall. The offsets 
in mass flow and pressure rise are termed d¢ and dl/J, respectively. The con­
stant bias dl/J in pressure can also be thought of as reflecting some uncertainty 

in the compressor characteristic q, c( ¢), and likewise and the mass flow bias 
d¢ can be thought of as reflecting a uncertainty in the throttle characteristic 
~(~). A study of surge/stall control for compressors with uncertain com­
pressor characteristic was also done by Leonessa et al. (1997b). With these 
disturbances the model becomes: 

(2.39) 

j 

and in the case of pure surge 

4;2lc (¢ - ~T(~) - ~d(O - d¢) (2.40) 

f: (-~ + q,c(¢) - q,v(¢) + q,dW + dl/J) . (2.41) 

2.3 Surge Control 

In this section controllers will be designed for the pure surge case. First the 
undisturbed case is studied, then disturbances are added, and finally adapt ion 
will be used to stabilize the system in the presence of constant disturbances. 

2.3.1 Undisturbed Case 

Theorem 2.1 The controller 

(2.42) 

where C2 > am and am is the maximum positive slope of the compressor char­
acteristic q,c(¢), renders the equilibrium (1)o,'l/Jo) of (2.16) GAS. 0 
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Proof: The backstepping methodology of Krstic et al. (1995a) will be em­
ployed in deriving the control law. 

Step 1. Two error variables are defined as Zl = -0 and Z2 = J> - a. The control 
Lyapunov function (elf) for this step is chosen as 

with time derivative along the solution trajectories of (2.38) given by 

Vi = Zl ( -cl?T(zd + Z2 + a) . 

The throttle is assumed passive, that is -0cl?T(-0) ~ 0 \:1-0. We have 

-0cl?T(-0)~O => -Zlcl?T(Zl)~O 

(2.43) 

(2.44) 

(2.45) 

As it is desirable to avoid cancelation of useful nonlinearities in (2.44), the 
stabilizing function a is not needed and accordingly a = 0, which gives 

(2.46) 

Although the virtual control a is not needed here, in the interest of consis­
tency with the following sections, this notation is kept. 

Step 2.The derivative of Z2 is 

(2.47) 

The elf for this step is 

(2.48) 

with time derivative 

(2.49) 

Notice that V2 as defined by (2.48) is similar to the incremental energy of 
Simon and Valavani (1991). 

Control law. The control variable u will be chosen so that (2.49) is made 
negative definite. To this end we define the linear control law 

(2.50) 

where the controller gain C2 > 0 is chosen so that 

(2.51) 
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Using (2.35) this implies that C2 must satisfy 

2 (2 k2 kl + C2 ) -k3Z2 Z2 + k3 Z2 + ~ < o. (2.52) 
, , 

'" f(Z2) 

Analyzing (2.52), by finding the roots of !(Z2) defined above, it is seen that 
(2.52) is satisfied if C2 is chosen according to 

p 
C2 > 4:3 - k1 . (2.53) 

Although (2.53) implies that the compressor characteristic must be known in 
order to determine C2, it can be shown that the knowledge of a bound on the 
positive slope of the characteristic is sufficient. Differentiating (2.35) twice 
with respect to ¢, reveals that the maximum positive slope occurs for 

and is given by 

a= 

~ ~ k2 
cP=cPm =--

3k3 
(2.54) 

(2.55) 

Assuming that only an upper bound am on the positive slope of 4c(¢) is 
known, a conservative condition for C2 is 

k2 
C2 > am ~ a > 4:3 - k1 • (2.56) 

Thus the price paid for not knowing the exact coefficients of the compressor 
characteristic is a somewhat conservative condition for the controller gain C2. 
Notice also that no knowledge of Greitzer's B-parameter or its upper bound 
is required in formulating the controller. The final expression for V2 is then 

(2.57) 

The closed loop system can be written as 

1 ~ 
it 4B21c (-tT(Zl) + Z2) (2.58) 

1 ~ 
Z2 = ~(-Zl + W(Z2) - C2Z2). (2.59) 

It follows that the equilibrium point Zl = Z2 = 0 is GAS, and the same result 
holds for the equilibrium (cPo, 'l/Jo). 0 
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Remark 2.1 By combining {2.84} and {2.50}, the following control law for 
the CCV gain is found: 

C2 (<T> - cPo) = w v ( <T» - w v ( cPo) 

.u. 

t=J<T>+cPO. 
C2 

(2.60) 

(2.61 ) 

Notice that this control law requires measurement of mass flow coefficient 
o~~ 0 

Remark 2.2 Although not showing stability, Bendixon's criterion can be 
used to show that the controller {2. 50} guarantees that no limit cycles {surge 
oscillations} exist. Bendixon's criterion states {somewhat simplified} that no 
limit cycles exists in a dynamical system defined on a simply connected re­
gion D C IR? if the divergence of the system is not identically zero and does 
not change sign in D. For an exact statement of Bendixon's criterion and 
the proof, see any textbook on dynamical systems, e.g. Perko {1991}. The 
divergence V' . f of the system x = f (x) defined by {2.16} is 

V'. f = __ 1_8~T~~) +.!. (8~e~¢) _ 8~) . (2.62) 
4B2le 8~ Ie 8cP 8cP 

The slope of the throttle is always positive, so the first term in {2.62} is al­
ways negative. To make the second term also negative, it is sufficient that 

~~ dominates fJ~;J¢)' which is exactly what is ensured by the controller in 
Theorem 2.1. Thus, according to Bendixon's criterion, no surge oscillations 
can exist for the closed loop system. 0 

2.3.2 Determination of <Po 

As a consequence of the controller (2.42) being designed after the system 
equations are transformed to the new coordinates, its implementation de­
pends on knowledge of the equilibrium value cPo. The equilibrium is located 
at the intersection of the equivalent compressor characteristic We (<T» and the 
throttle characteristic <T>Tl. By combining (2.84), (2.42) and (2.61), it is seen 
that 

Wv(cPo) (u + wv(cPo))I~=¢o 

= (c2 (<P - cPo) + <P +c2 ,1. cP~) I 
,+,0 ~=¢o 

C2cPO 

2 
(2.63) 
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At the equilibrium, we have 

(2.64) 

or by using (2.63), rjJo is found by solving the following 3rd order equation 

(2.65) 

with respect to rjJo, and its value is to be used in the control law (2.42). Solving 
(2.65) requires knowledge of the compressor characteristic. If this is not the 
case, alternatives to finding rjJo explicitly are, using an adaption scheme like 
the one suggested by Bazanella et al. (1997) for a genreal nonlinear system 
with unknown equilibrium or it is possible to use throttle control in addition 
to the CCV control to control rjJ using rjJo as the reference. If none of these 
alternatives are attractive, an approximation for $0 can be used. In this case, 
asymptotic stability cannot be shown, but convergence to a set and avoidance 
of surge is easily shown. Defining 6.<p as 

6.$ = <Po - rjJapTx, (2.66) 

where rjJapTx is the approximation used for feedback, and <Po is the actual and 
unknown value of the equilibrium. By using the same Lyapunov function as 
is Theorem 2.1, and 

the time derivative of V2 is found and upper bounded by 

Application of Young's inequality4 to the last term in (2.68) gives 

C2 (z~ 2) -Z2C2 f1 rjJ ::; - - + (f1rjJ) 7]0 , 
2 7]0 

where 7]0 is a constant, and it follows that 

4In its simplest form Young's inequality states that 

1 a2 
Va,b: ab:::; '2(-;;-+cb2 ) Vc>O. 

(2.67) 

(2.69) 
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where the definition of W is obvious. By choosing T}o and C2 such that 

1 
c2(1- -2 ) > am, 

T}o 
(2.71) 

is satisfied, it can be shown that W(Z1' Z2) is radially unbound and positive 
definite. Thus, V2 < 0 outside a set R6.. This set can be found in the 
following manner: According to Krstic et al. (1995a), the fact that V2(Z1, Z2) 
and W(Z1' Z2) is positive definite and radially unbounded, and V2(Z1, Z2) is 
smooth, implies that there exists class-Koo functions (31, (32 and (33 such that 

(31(lzi) ~ V2(z) ~ (32(1Zi) 

f33(lzi) ~ W(z) 

(2.72) 

(2.73) 

where z = (Z1 Z2)T. Following the proof of Lemma 2.26 in Krstic et 
al. (1995a), we have that the states of the model are uniformly ultimately 
bounded, and that they converge to the residual set 

11-" ~ {z , Izl ~ ~;-' 0 p, 0 ~3' (~(Ll.¢)') }. (2.74) 

From (2.70) it follows that V2 is negative whenever W(z) > T}O(£l¢)2. Com­
bining this with (2.73) it can be concluded that 

Iz(~)1 > (331 (T}(£l¢)2) '* V2 < O. 

This means that if Iz(O)1 ~ (331 (T}(£l¢)2) , then 

V2(Z(~)) ~ (32 0 {331 (T}(£l¢)2) , 

which in turn implies that 

(2.75) 

(2.76) 

(2.77) 

If, on the other hand Iz(O)1 > (331 (T}(£l¢)2) , then V2(Z(~)) ~ V2(z(0)), which 
implies 

(2.78) 

Combining (2.77) and (2.78) leads to the global uniform bounded ness of z(~): 

IIzlloo ~ max {~;-l 0 ~2 0 ~3' (~(Ll.¢)2) , ~;-' 0 ~2(1Z(O)Il}, (2.79) 

while (2.75) and (2.72) prove the convergence of z(~) to the residual set 
defined in (2.74). 

It is trivial to establish the fact that no limit cycles, and hence surge oscil­
lations, can exist inside this set using Bendixon's criterion. It is seen from 
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(2.74), that the size of the set Rt:. is dependent on the square of the equi­
librium estimate error /:1¢ and the parameter "70. A more accurate estimate 
¢aprx, or a smaller value of "70, both implies a smaller set. A smaller value of 
1]0 will, by equation (2.71), require a larger controller gain C2, which is to be 
expected. 

2.3.3 Time Varying Disturbances 

First, time varying pressure disturbances will be considered. That is, <I>d(€), 
d¢ and d,p are set to zero as in Simon and Valavani (1991). 

Theorem 2.2 (Time varying pressure disturbances) 
The controller 

(2.80) 

where C2 is chosen as in Theorem 2.1, and d2 > 0 guarantees that the states 
of the model (2.40) are globally uniformly bounded, and that they converge to 
a set. 0 

Proof: The controller will be derived using backstepping. 

Step 1. Identical to Step 1 in the proof of Theorem 2.1. 

Step 2. The time derivative of Z2 is 

V2 is chosen as 
lc 2 

V2 = Vl + 2 Z2 ' 

where V2 can be bounded according to 

(2.81 ) 

(2.82) 

(2.83) 

Control law. To counteract the effect of the disturbance, a damping factor 
d2 > 0 is included and u is chosen as 

(2.84) 

C2 is chosen so that (2.56) is satisfied. Inserting (2.84) in (2.83) gives 

(2.85) 
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Use of Young's inequality gives 

Z ~ (t) < d Z2 + ~~(~) < d Z2 + lI~dllz.o (2.86) 
2d,>_22 4d2 - 22 4d2 ' 

and V2 can be bounded according to 

where 
(2.88) 

is radially unbounded and positive definite. This implies that V2 < 0 outside 
a set Rl in the ZlZ2 plane. 

By using (2.72) and (2.73) again, it follows from similar calculations as in 
(2.75)-(2.79), that z(O is globally uniformly bounded and that z(~) converges 
to the residual set 

1<1 = {z , Izl'; /l,I 0 fl, o/l,I e~~ )}. (2.89) 

o 

Remark 2.3 Notice that the controller (2.84) is essentially the same as 
(2.50), with the only difference being that (2.84) requires a larger gain in 
order to suppress the disturbance. Consequently, Remark 2.1 also applies 
here. 0 

It is now shown that an additional assumption on the disturbance ensures 
that the controller (2.84) not only makes the states globally uniformly bounded, 
but also guarantees convergence to the origin. 

Corollary 2.1 (Convergence to the origin) 
If the disturbance term ~ d( 0 is upper bounded by a monotonically decreasing 

non-negative function W d (~) such that 

(2.90) 

and 
(2.91 ) 

the controller (2.84) ensures that the states of the model (2.40), with pressure 
disturbances, converge to the origin. 0 
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Proof: Inspired by the calculations for a simple scalar system starting on 
page 75 in Krstic et al. (1995a) , we introduce the signal 

where c > 0 is a constant, for use in the proof: 

d 
dt {V2(z)ec{} 

(V2(z) + CV2(Z)) eC{ 

< (-W(z)+ .p~) + CV,(Z)) e" 

< (-t33(lzl)+ct32(1zl))ec{+ ~]d;)eC{. 
By choosing c according to 

c ~ 13-;1 0 t33(lzl) ~ 13-;1 ot33(1lzllco), 

where the existence of IIzllco follows from (2.89), (2.93) gives 

~ {v: (z)ec{} < ~~(~) eC( 

dt 2 -4d2 

(2.92) 

(2.93) 

(2.94) 

(2.95) 

By integrating (2.95) and using an argument similar to the one in the proof 
of lemma 2.24 in Krstic et al. (1995a), it can be shown that 

< 1 (-2 S. -2 ) V2(Z(~)) ~ V2 (z(0))e- C, + 4cd
2 

'lid (O)e- 2 + 'lid (~/2) . (2.96) 

Since lime_co W/(~/2) = 0 it follows that 

lim V2(Z(~)) = O. 
{-co 

(2.97) 

As V2 is positive definite it follows that 

lim z(~) = o. 
e-co 

(2.98) 

Thus we have shown that under the additional assumptions (2.90) and (2.91) 
on the disturbance term, z(O converges to the origin. This also implies that 
¢ and ~ converge to the origin and that q,(O and '11(0 converge to the point 
of intersection of the compressor and throttle characteristic. D 

Notice that the positive constant c introduced in (2.92) is used for analysis 
only, and is not included in the implementation of the control law. 

At this point we include the flow disturbance <l>d(~) in the analysis. 



86 CCV Control of Surge and Rotating Stall for the MG Model 

Theorem 2.3 (Time varying pressure and flow disturbances) 
The controller 

u 

(2.99) 

where C2 > Ik1 !, a = -d1z1 and d1, d2 > 0 guarantees that the states of the 
model {2.39} with both mass flow disturbances and pressure disturbances are 
globally uniformly bounded and that they converge to a set. 0 

Proof: The backstepping procedure is as follows: 

Step 1. As before two error variables Zl and Z2 are defined as Zl = ~ and 

Z2 = if> - a. Again, VI is chosen as 

with time derivative 

VI = Zl ( -~T(zd + Z2 - ~d(O + a) , 
where (2.39) is used. The virtual control a is chosen as 

(2.100) 

(2.101) 

(2.102) 

where -dizi is a damping term to be used to counteract the disturbance 
~d(O. VI can now be written as 

(2.103) 

and upper bounded according to 

(2.104) 

To obtain the bound in (2.104), Young's inequality has been used to obtain 

-~ (C)z < d Z2 + ~~(~) < d Z2 + lI~dll~ 
d." 1 - 1 1 4d1 - I 1 4dI ' (2.105) 

Step 2. The derivative of Z2 is 

(2.106) 
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From (2.102) it is seen that 

(2.107) 

V2 is chosen as 
le 2 

V2 = VI + "2Z2' (2.108) 

Using (2.104) and (2.106), an upper bound on V2 is 

. , lI~d112 ('" V2 ~ -IPT(Zt}ZI + 4dI
oo + Z2 Wc(¢) + Wd(O 

+ 4~2 (-~T(zd + ¢) - 4~2 ~d(O - u). (2.109) 

Control law. To counteract the effect of the disturbances, a damping factor 
d2 must be included and u is chosen as 

(2.110) 

The parameter C2 is now chosen according to 

C2 > IkII· (2.111) 

Inserting (2.99) in (2.109) gives 

Using Young's inequality twice gives 

(2.113) 

(2.114) 

The final upper bound for V2 can now be written as 

V2 ~ -W(Zl,Z2) + ~1I~dll~ + ~1I~dll~ 
VI V2 

(2.115) 

where 
1 (1 1) 1 1 

VI = 4dI + 16B2d2 ' V2 = 4d2 
(2.116) 
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and 
(2.117) 

is radially unbounded and positive definite. This implies that V2 < 0 outside 
a set R2 in the ZlZ2 plane. As in section 6.1, the functions V2 (z) and W(z) 
exhibit the properties in (2.72). Again, it can be shown that this implies that 
z(O is globally uniformly bounded and that z(~) converges to the residual 
set 

(2.118) 

o 

Remark 2.4 Notice that the control law (2.99), as opposed to (2.84), re­
quires knowledge of the coefficients in the compressor characteristic, the throt­
tle characteristic and the B-parameter. 0 

Remark 2.5 Once the bounds on the disturbances lI~dlloo and lI~dlloo are 
known, the size of the set R2 in the ZlZ2 plane can be made arbitrary small 
by choosing the damping factors d1 and d2 sufficiently large. The same com­
ment applies to the set Rl defined in (2.89). 0 

Corollary 2.2 (Convergence to the origin) 
If the assumptions on ~d(~) in equations (2.119) and (2.120) hold, and the 

following assumption on ~d(O is made: 

(2.119) 

and 
(2.120) 

where ¥d(~) is a monotonically decreasing non-negative function. Then, the 
states of the model (2.40) converge to the origin. 0 

Proof: By using the same arguments as in the proof of Corollary 2.1, but 
with two disturbance terms, it can be shown that 

(2.121) 
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Now lim{-+oo 'iJ!/(~/2) = 0 and lim{-+oo ¥/(~/2) = 0 implies that 
lim{-+oo V2(Z(~)) = 0 and by the positive definiteness of V2 it follows that 

lim z(~) = O. (2.122) 
{->oo 

Thus we have shown that under the assumptions (2.90), (2.91), (2.119) and 
(2.120) on the disturbance terms, z(~) converge to the origin. This also 
implies that ¢({) and -¢(~) converges to the origin and that ~({) and 'iJ!({) 
converge to the point of intersection of the compressor and throttle charac­
teristic. (] 

A simulation of the response of the control law (2.99) with both mass flow 
and pressure disturbances is presented in Chapter 3, where it is compared to 
a passivity based controller. 

2.3.4 Adaption of Constant Disturbances 

A constant or slow varying disturbance in mass flow can cause the equilib­
rium of the compression system to be moved into the unstable area of the 
compressor map. Therefore, the problem of being able to stabilize the sys­
tem in this case is a very important one. In addition constant disturbances 
in pressure is considered simultaneously. Consider the following model 

-¢ 4;21e (¢ - ~T(-¢) - d¢) 

¢ [(~e(¢)--¢-d1jJ-U), (2.123) 

where d¢ and d1jJ are constant and unknown disturbances in mass flow and 
pressure, respectively. Godhavn (1997) used adaptive backstepping for adap­
tion of constant or slow varying sea current disturbances in a surface ship 
model. The same approach will now be employed here to stabilize (2.123). 
Two adaption laws will be designed in order to estimate the unknown distur­
bances and allow them to be counteracted by the control. This approach will 
result in an control law with integral action. Further information on integral 
action in backstepping designs can be found in Fossen (1999). 

Theorem 2.4 The controller 
le (-3 - 2) A2 - -U = 11 Zl + C2 Z2 - k3 d¢ + 3d¢Z2 - k2<P - k1d¢ + d1jJ, 

where the estimates d¢ and d,p are updated with 
1 d¢ --Zl 

11 
1 d,p --Z2, 

12 

(2.124) 

(2.125) 

(2.126) 
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where! and.1.... are adaption gains, makes the equilibrium of (2.123) globally 
,1 "12 

asymptotically stable. The states of the model converge to their equilibrium 
values and the parameter error dynamics are GAS. 0 

Proof: Adaptive backstepping is used 

Step 1. The error variables ZI and Z2 are defined as ZI = ;j; and Z2 = ¢ - 0:. 
The first clf, VI, is chosen as 

(2.127) 

where 
(2.128) 

is the parameter error and dcp is an estimate of dcp. The time derivative of VI 

now is 
VI = ZI ( -<l!T(zd + Z2 - dcp + 0:) -l'ld/dcp, 

where (2.123) is used. Let the virtual control 0: be chosen as 

0: = dcp, 

and the estimate dcp be updated as 

.:... 1 
dcp = --ZI. 

1'1 

(2.129) 

(2.130) 

(2.131) 

Thus, the terms including dcp in (2.129) are cancelled out, and VI can now 
be written as 

(2.132) 

Step 2. The second clf is chosen as 

Ie 2 1'2 -2 1 T 1 -T -1-
V 2 = VI + 2Z2 + 2:d.p = 2z pz + 2d r d, (2.133) 

where 
- 6. -

d.p = d.p - d.p, (2.134) 

is the parameter error, d.p is an estimate of d.p, 

it = (dcp d.p), P = (4~2Ie l~)' and r = ( ~ o ). 
1'2 

(2.135) 

Using (2.123), V2 is calculated as 

(2.136) 
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Let the estimate (1", be updated as 

and the control be chosen as 

..:... 1 
d", = --Z2, 

'Y2 

le 3 2) '2 -U=-Zl+C2Z2-k3(a +3az2 -k2cfJ -k1a+d,p. 
'Y1 

91 

(2.137) 

(2.138) 

Using the calculations from the case of time varying disturbances it can be 
shown that V2 can be upper bounded as 

(2.139) 

By inserting the update laws (2.131) and (2.137) and the control (2.138) in 
equations (2.123), it can be shown that the error dynamics get the following 
form 

d 

where 

-rz, 

(2.140) 

(2.141) 

The stability result follows from application of LaSalle's theorem. From 
(2.139) it is seen that 

(2.143) 

Inserting (2.143) into (2.140) we find that it == O. Thus the origin of (2.140) 
is GAS. 0 

This result could also have been stated by using the more general Theo­
rem 4.12 in Krstic et al. (1995a) or the results in Krstic (1996). 

Remark 2.6 The stability properties of the proposed scheme of two param­
eter update laws and control law, can also be established through passivity 
analysis of the error dynamics. 

The model {2.140}-{2.141} has some useful properties that will be taken ad­
vantage of in the stability proof: The vector - Az consists of sector nonlin­
earities, the matrices P and r are both diagonal and positive definite, and 
the matrix P z is skew symmetric. Consider the positive function 

(2.144) 
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and calculate the time derivative of (2.144) along solution trajectories of 
(2. 140}: 

d 
d~S(z) 

= zT(Az(z,d)+Pzz+d) 
T - T-= z Az(z, d) + z d. (2.145) 

The last step follows from the fact that P z is skew symmetric. As both 
elements in Az(z, d) are sector nonlinearities, the following inequality will 
always hold: 

T --z Az(z, d) > O. (2.146) 

Integrating (2. 145} from 0 to t and using (2.146) results in 

fo{ zT(O")d(O")dO" = S(z(~)) - S(z(O)) + fo{ _zT Az(z, d)dO". (2.147) 

From this dissipation inequality it is concluded that the mapping d f-t Z is 
strictly passive with S(z) = zT pz as storage function and _zT Az(z, d) as 
dissipation rate. Inspection of (2.141) reveals that the mapping z f-t -d is 
a passive integrator, and thus the system (2.140}-(2.141) is a negative feed­
back interconnection of a strictly passive and a passive system. This implies 
that the equilibrium (z, d) = (0,0) is globally uniformly stable and that z(O 
converges to the origin as ~ - 00. The structure of the system is shown in 
Figure 2.6. 0 

d z 
./ Z = C(Az(z, d) + pz + d) 

/ r 
~ 

Figure 2.6: Negative feedback interconnection of strictly passive system with 
passive system 

Remark 2.7 The result of this section also holds if either of the two constant 
disturbances are set to zero. In the case of d¢ == 0 and d,p # 0, the controller 
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(2.124) with parameter update law (2.126) is equivalent to an ordinary linear 
PI-control law in Z2: 

(2.148) 

By the same arguments as in the above proof, z = 0 is GAS and {1'1/1 = 
foe ~2 Z2 (a )da converges to the true value of d'l/1' 0 

2.4 Control of Rotating Stall 

In this section CCV controllers will be derived for the full Moore-Greitzer 
model (2.36). As in the section on surge control, two cases will be studied 
here as well. First, a stabilizing stall/surge controller is designed for the 
undisturbed model. Then, pressure disturbances are included in the model, 
and a second controller is derived. For use in the stability proofs of this 
section, the following lemma is needed: 

Lemma 2.1 The squared amplitude of rotating stall has an upper bound: 

3 Jmax < 00 such that J(~) < Jrnax V ~ > 0 

Proof: 
The proof is similar to that of section 2.4 in Krstic et al. (1995a): 

j = J(I_(~_1)2_~_~4Wcf1)(! 
W 4,2 3H ' 

= _ J2(! _ (!J (cf12 _ 2cf1) _ (!J 4W ,/.. 
4 W2 W 3H,2'f/ 

J2(! 2(! 4W 
< -4 + W J1cf11 + {}J 3H,2 1cf11 

< _ J2 (J _ (!J (J _ 16 1cf11 _ 32W 1cf11) 
8 8 W 3H,2 

(2.149) 

o 

(2.150) 

When J(O > 161cf1(01 (~ + 3~2 ), J(~) will decay faster than the solution 

w(~) of the differential equation 

. W 2 {} 
w=--

8 ' 
(2.151) 
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so that an upper bound of J(O is given by 

J(O) ( 1 2W) b. 
J(~) < Rf + 16 sup IIJ>(r) I W + 3H 2 = Jmax , 

1 + J(O) 8 O$T<{ 'min 
(2.152) 

where ,min> 0 is a lower bound on the throttle gain. Equation (2.152) states 
that J is bounded if 4> is bounded. An upper bound on 4> is given by the 
choking of the mass flow: 

IJ> ~ 4>choke, 
so that a conservative value for Jmax is 

J(O) ( 1 2W) 
Jmax = 1 + J(O)ej- + 164>choke W + 3H';'in . 

The following assumption on the mass flow coefficient is also needed: 

(2.153) 

(2.154) 

o 

Assumption 2.1 The lower bound on 4> is given by the minimum value ob­
tained during a deep surge cycle. This lower bound is negative, and is given 
by 

34>m > 0 such that IJ>(O > -4>m V~ > O. (2.155) 

o 

The assumption is not a conservative one. Compressors in general are not 
intended or designed for operation with reversed mass flow, so it is reasonable 
to assume that the lowest value of mass flow is reached during the extreme 
condition of deep surge, more precisely at the negative peak of a deep surge 
cycle. 

2.4.1 Undisturbed Case 

Theorem 2.5 Consider the system {2.36} evolving in the set 

A = {'l1,IJ>,J I 'l1 E JR, IJ> E [-4>m,4>chokej, J E JR+} 

with the controller 

(2.156) 

(2.157) 

where C2 > am and am is the maximum positive slope of the compressor 
characteristic, and C3 > 0 is chosen according to 

cmin < c < Cmax 
3 3 3' (2.158) 

where c3'in and c3'ax are lower and upper bounds to be computed. The origin 
of the closed loop system is then asymptotically stable with a region of attrac­
tion equal to A. 0 
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Proof: 
The backstepping methodology of Krstic et al. (1995a) is now employed to 
design a controller for (2.36) 

Step 1. Let the error variables ZI and Z2 be chosen as 

Zl = ~ and Z2 = ¢ - Q, (2.159) 

and the eLF for this step be 

(2.160) 

The time derivative of VI along solution trajectories is 

VI = ZI ( -~T(Zr) + Z2 + Q) . (2.161 ) 

As before, the throttle is assumed passive, such that ~~(~) ~ 0 V~. It 
follows that 

(2.162) 

It is recognized that there is no need to cancel out terms in (2.161). Thus, 
the stabilizing function Q is not needed and can be chosen as Q = 0, which 
in turn gives 

(2.163) 

Although Q = 0 here, the notation of ZI and Z2 is kept in the interest of 
consistency with section 2.4.2 

Step 2. The derivative of Z2 is 

The elf for this step is 

and V; is calculated as 

Ie 2 1 
V2 = VI + -2 Z2 + --1-J, 

g"max 

(2.164) 

(2.165) 
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By choosing u according to 

u = (C2 + C3)Z2, 
where C2 > 0 and C3 > 0 are constants, V2 can be written 

4 

V2 =L:(V2 ) .. 
i=1 ~ 

The four terms in (2.168) are 

where 

(V2 )1 

(V2)2 = 

(~)3 

(V2t 

-Zl4>T(Zt}, 

Z2(~c(Z2) - C2Z2), 

3H (~ - 1) + W2] 
8 W ~ 

C3 

(2.167) 

(2.168) 

(2.169) 

(2.170) 

(2.171) 

(2.172) 

(2.173) 

Due to the passivity of the throttle, (V2) 1 < O. As shown in section 2.3, if 

C2 is chosen as 

(2.174) 

where am is the maximum positive slope of the compressor characteristic, 

then (V2)2 < O. 

By choosing the controller gains sufficiently large, (V2) 3 can be made neg­

ative for ¢ > O. As the proposed controller (2.167) is of the same form as 

(2.42), the expression (2.61) for " with gain (C2 +C3), can be used. For (V2) 3 

to be negative the following must be satisfied 

1 _ (w<P _ 1)2 _ 4W <P(C2 + C3) < 0 (2.175) 
3H <P + ¢o 

.ij. <P > 0 

c2+c, > :~~~"'" (-(:-1)' +1) (2.176) 
C2 + C3 > :~(iP + ¢o) (~ - :2) ~ G1(iP) (2.177) 
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Simple calculations shows that the maximum of G1 (if?) is for if? = W - 1f, 
and that this maximum is given by 

(2.178) 

By choosing 

3H (rP5 ) C2 + C3 > 4W2 4W + W + rPo , (2.179) 

which implies 

(2.180) 

it follows that (112) 3 is made negative for rP > O. 

For rP < 0 the sum (112) 3 + (112) 2 can be made negative for rP > -rPm' that 
is 

(2.181) 

Using (2.61) and J~ax < 1, and rearranging (2.181) gives 

(2.182) 

where 

It can be shown that it is sufficient that (2.182) is satisfied at the end points 
of the interval: 

G2 ( -rPm, C2) < rPmrP: rPo C3 

G2(0,C2) < O. 

(2.184) 

(2.185) 

By inspection of (2.183) it is easily shown that (2.185) is always satisfied. It 
is assumed that rPo > rPm, so that the condition in (2.184) can be rewritten 
as 

rPm - rPo G ( ) l:::. - ( C3 < rPm 2 -rPm, C2 = C2 C2, rPm). (2.186) 

Plots of (112) 2' (112) 3 and their sum are shown in Figure 2.7. 
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Figure 2.7: Upper plot illustrates that V2 + V3 < 0 for.p > -¢m. Lower plot 
illustrates that det P > 0 for .p < ¢choke. 

Finally, C3 must be chosen so that P is positive definite for -¢m < ¢ < 
¢choke' The determinant of P is given by 

C3 (3H (CP ) W2)2 
det P = 4Jrnax - 8 W - 1 + 4,2 > O. (2.187) 

A plot of det P is shown in the lower part of Figure 2.7. Again, a sufficient 
condition for det P > 0 for -¢m < .p < ¢choke is that det P(¢choke) > 0 
and det P( -¢m) > O. As shown in Appendix F, this leads to the following 
conditions on C3: 

max {k3(C2' ¢choke), k.t (C2' ¢m) } < C3 < min {C3(C2, ¢choke), C4(C2, ¢m) } 
(2.188) 

Choosing C3 according to (2.188) ensures that 

(2.189) 
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The requirements (2.174), (2.180), (2.186) and (2.188) are summarized as 

and 

(2.190) 

C3 > max {(1 (C2), ~(C2' <Pchoke), Ct(C2, <Pm)} ~ c3'in (2.191) 

C3 < min {C2(C2' <Pm), C3(C2, <Pchoke), C4(C2, <Pm)} ~ c3'ax (2.192) 

Provided C2 and C3 are chosen according to (2.190) to (2.192), V2 is upper 
bounded as 

(2.193) 

As V2 : A ~ R, V2 (O) = 0, V2 is positive definite and continuously differ­
entiable on A, and V(z) < ° for z E A - {O}, the origin of the system is 
asymptotically stable with region of attraction equal to A. 0 

By doing the same calculations as in Remark 2.1, the control law for the 
CCV gain is found to be: 

'Y= (2.194) 

Notice that this control law requires sensing of mass flow <P only. The analysis 
leading to this control law was conservative, resulting in a large value of the 
parameter C3, that is C3 has to be chosen as C3 > crin . As was the case in 
Krstic et al. (1995b), the controller should be implemented with a lower gain 
than dictated by the Lyapunov analysis. Consider the closed loop Jacobian 
of the model (2.36) with control law (2.157): 

Ad~ ( 
1 1 0 ), - 4B21e a4> 4B21e 

1 3H la'l1-~ 0 -I;; - 41eW Ie Ie 

{! (_~ + ~) _ 4WI!~~+C3) 0 0 

(2.195) 
where 

8<I>T(Zt} 
and 

8~ c(Z2) 
(2.196) a'l1 = 

8z1 
a4> = 

8z2 
Zl=O Z2=O 

It can be shown that if AcI is Hurwitz for C3 > crin , AcI is also Hurwitz for 
C3 = 0. The closed loop system is therefore locally stable with C3 = o. 



100 CCV Control of Surge and Rotating Stall for the MG Model 

2.4.2 Disturbed Case 

The backstepping procedure is now used to design a controller that ensures 
boundedness of the states in the presence of pressure disturbances. 

Theorem 2.6 Consider the model {2.39} with time varying pressure distur­
bances only, that is .q,d(~) :f. 0 and ~d(O == 0, evolving on the set A. Let the 
controller u be defined as 

(2.197) 

where d2 > 0, C2 satisfies 
(2.198) 

where am is an upper bound on the positive slope of the compressor charac­
teristic, and C3 satisfies 

(2.199) 

where C3in and c3ax are defined in {2.191} and {2.192}. Then {2.197} makes 
the states of the model {2.39} uniformly ultimately bounded and ensures con­
vergence to a set. 0 

Proof: 
This result follows by combining the proofs of Theorem 2.3 and Theorem 2.5. 
The Lyapunov function 

(2.200) 

will have an upper bound on its time derivative given by 

(2.201) 

where 
4 

U(Z1' Z2, J) = ?= (V2) i· 
1=1 

(2.202) 

and the four terms (V2) i are given by (2.169)-{2.172) provided the control 

is chosen as (2.197). 

Provided C2 is chosen according to (2.190) and C3 satisfies (2.191) and (2.192), 
then i-2 < 0 outside a set R3. According to Krstic et al. (1995a), the fact 
that V2(Zl, Z2, J) is positive definite, radially unbounded and smooth, and 



2.5 Simulations 101 

U(ZI' Z2, J) is positive definite for -cPm < ~ < cPchoke implies that there 
exists class-Koo functions (31, (32 and a class-K function (33 such that 

(2.203) 

where z = (ZI' Z2, J)T. This implies that z(() is uniformly ultimately 
bounded and that z(() converges to the set 

(2.204) 

D 
Remark 2.5 is also applicable to this case. 

Remark 2.8 The case of stabilizing rotating stall in the case of disturbances 
in mass flow as well as pressure rise, can be studied by combining Theorem 2.3 
and Theorem 2.5. It is straightforward to extend the results on convergence 
to the origin and adaption of constant mass flow disturbances and pressure 
disturbances from Section 2.3 to the control design in this section. D 

2.5 Simulations 

In this section, the proposed controllers of this chapter are simulated. Results 
form both surge and stall control, with and without disturbances, will be 
shown. The compressor characteristic 

(2.205) 

of Moore and Greitzer (1986) is used in all simulations. The throttle will 
be set so that the intersection of the throttle line and the compressor char­
acteristic is located on the part of the characteristic that has positive slope, 
resulting in an unstable equilibrium. After some time, the controllers will be 
switched on, demonstrating that the system is stabilized. 

2.5.1 Surge Control 

Surge control will now be demonstrated. A Greitzer parameter of B = 1.8 
is used in the simulations. The throttle gain is set to 'Y = 0.61 and thus the 
equilibrium is unstable. The initial conditions of the systems were chosen as 

(~o, '110 ) = (0.6, 0.6). (2.206) 
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In Figure 2.8, it is shown how the controller (2.42) with C2 = 1 stabilizes the 
system. 
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Figure 2.8: The throttle gain is set to 'Y = 0.61, and the compressor is surging. 
The controllers are switched on at ( = 200. 

In Figure 2.9 noise has been added, and the system is stabilized by the 
controller (2.99) with C2 = 1, d1 = 0.3 and d2 = 3. 

A simulation of surge induced by a constant disturbance is showed in Fig­
ure 2.10. The compression system is initially operating stably with a throttle 
setting of'Y = 0.65 yielding a stable equilibrium. At ( = 200 the constant dis­
turbances dtj> = -0.1 and d.p = 0.05 are introduced into the system, resulting 
in the state of the system being pushed over the surge line. Consequently, 
surge oscillations emerge. At ( = 420 the adaptive controller (2.124) with 
update laws (2.125), and as can be seen, the surge oscillations are brought 
to rest. The parameters of the controller were C2 = 1.1, 1?1 = 9 and 1?2 = 20. 
The disturbances are unknown to the controller, but as guaranteed by The­
orem 2.4 their estimates converges to the true values. 
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Figure 2.9: Same situation as in Figure 2.8. However, here disturbances are 
taken into account. The pressure and the mass flow disturbances are both 
white noise varying between ±0.05. 

2.5.2 Rotating Stall Control 

In this section some simulation results of the proposed controllers for rotat­
ing stall are presented. In Figure 2.11 the response of system (2.36) with 
controller (2.167) is shown. The throttle gain is set at IT = 0.61, resulting 
in an unstable equilibrium for the unactuated system. The initial conditions 
of the systems were chosen as 

(<Po; lJ1 0 , Jo) = (0.6, 0.6, 0.05). (2.207) 

The B-parameter is set to B = 0.5 for all the rotating stall simulations. Thus, 
the compressor enter rotating stall, and J increases until Je is reached. At 
{ = 250 the controller is switched on, and J decreases until J = 0 is reached. 
As discussed at the end of Section 2.4.1, the controller gains are chosen as 
C3 = 0 and C2 = 1. The simulation results are also plotted together with the 
compressor characteristic and the in-stall characteristic in Figure 2.12. As 
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Figure 2.10: Disturbance induced surge stabilized by the adaptive controller 
(2.124). 

the compressor is stabilized it is seen that the pressure loss associated with 
the CCV is slightly less than that associated with operating in rotating stall, 
which would have been the case if e.g. the throttle control scheme of Krstic 
et at. (1995b) had been used. 

The effect of pressure disturbances is shown in Figure 2.13. The B-parameter 
is B = 0.5 and the compressor stalls. The pressure disturbance is white noise 
of amplitude 0.1. Throttle setting and initial conditions were left unchanged. 
The control law (2.197) with parameters C2 = 1 and d2 = 0.1 is switched on 
at ~ = 250, bringing the compressor out of rotating stall, and damping the 
disturbances. 
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Figure 2.13: Stabilization of rotating stall with pressure disturbances 

2.6 Conclusion 

In this chapter, anti surge and stall controllers for a close-coupled valve in 
series with a compressor have been developed. First, surge was studied, and 
by the application of the backstepping methodology, a control law which uses 
feedback from mass flow only was derived. Global asymptotic stability was 
proven. Only an upper bound on the slope of the compressor characteristic 
was required to implement this controller. The controller was used both in 
the case of no disturbances and in the presence of pressure disturbances. 

A more complicated surge control law was derived for the case of both pres­
sure disturbances and mass flow disturbances. In order to implement this con­
troller, the compressor characteristic and the B-parameter must be known. 
Global uniform boundedness and convergence to a set was proven. By as­
suming the disturbances upper bounded by a monotonically decreasing non­
negative function, convergence to the origin was proven. In order to stabilize 
the compression system in the presence of constant disturbances, or biases, 
in mass flow and pressure, an adaptive version of the surge controller was 
derived. This controller ensures global asymptotic stability. 

Then, controllers for rotating stall were considered. The close coupled valve 
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was in cooperated into the Moore-Greitzer model, and controllers were derived 
that enables stabilization of rotating stall beyond the surge line. Without 
disturbances, an asymptotically stable equilibrium is ensured, and in the 
presence of pressure disturbances uniform boundedness was proven. 



CHAPTER 3 

PASSIVITY BASED SURGE CONTROL 

3.1 Introduction 

In this chapter passivity will be used to derive a surge controller for a compres­
sion system when time varying disturbances are considered in both pressure 
as well as mass flow. 

The stabilizability of a system is related to the possibility of rendering it 
passive via feedback. The relevance of using passivity as a building block for 
control systems design stems, not just from the important role this concept 
plays in stability analysis, but also from the invariance of this property vis 
a vis feedback interconnection (Desoer and Vidyasagar 1975), (Nicklasson 
1996). An advantage of of the approach is enhanced robustness properties 
due to the fact that cancellation of nonlinearities is avoided. Passivity and 
input/output methods have been used in many control applications such 
as mechanical systems in general, electrical machines in Nicklasson (1996), 
marine vehicles in Johannessen (1996), vibration damping in Kanestr0m and 
Egeland (1994) and so on. To the authors best knowledge this is the first 
attempt to apply this method to the compressor surge control problem. 

3.1.1 Motivation 

In the previous chapter, backstepping was employed to derive a stabiliz­
ing control law when time varying disturbances were taken into account. 
The control law (2.99) resulting from this approach is repeated here for con-

J. T. Gravdahl et al., Compressor  Surge  and Rotating  Stall
© Springer-Verlag London Limited 1999
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veinience: 

( 3 2) '2 U = C2Z2 - k3 a + 3az2 - k2¢ - kla (3.1) 

+4~2 (-~T(ZI)+¢) +d2z2 (1+ 4~2)' 
where C2 > Ikll, a = -dIzl and dl ,d2 > O. Of particular interest here, will 
be the use of input/output methods to design controllers with disturbance 
rejection capabilities. This is motivated by the fact that the surge controller 
(3.1) is of high order, requires detailed knowledge of the nonlinearities of 
the model and the fact that simulations indcate that a simple proprtional 
controller will stabilize the system. 

3.1.2 Notation 

A brief introduction to passivity and £2 is given here. For a comprehen­
sive treatment of these concepts, consult Desoer and Vidyasagar (1975) and 
van der Schaft (1996), from which the notation is taken. The signal space £2 
consists, somewhat simplified, of all functions f : R+ ~ R that satisfy 

100 If(~)12d~ < 00. (3.2) 

The truncation of f to [0, T] is defined as 

f (C) = {!(O , 0::; ~ < T 
T." 0, ~~T' (3.3) 

and the set £2e, the extension of £2, consists of all functions f such that 
IT E £2. A mapping 9 : u f-t y with input u E £2e and output y E £2e is 
said to be passive if there exists a constant f3 so that 

lT u(~)y(~)d~ ~ f3 (3.4) 

for all u E L2e and all T ~ O. The inner product on £2e is 

(u, yh = lT u(~)y(Od~, (3.5) 

and the truncated norm is 

"u,,~ = (u, uh . (3.6) 

A concept that will be used in this chapter is that of strict output passivity. 
The mapping 9 : u f-t y is strict output passive if :3 fi, > 0 and :3 (3 such that 

(y, u) = (9u, u) ~ I\;"gu"~ + f3 Vu E £2e, VT ~ O. (3.7) 

For use in the stability analysis of this Chapter we need the the following 
theorem from van der Schaft (1996) 
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Theorem 3.1 (The passivity theorem) 
Consider the closed loop system ~gl ,g2 with 

Ul el - ~h ( U2) 

U2 = e2 + gl(ud, 

111 

(3.8) 
(3.9) 

where ~h, g2 : £2e H £2e. If gl and g2 are strictly output passive then the 
closed loop system ~gl ,g2 is £2 -stable. 0 

The proof is given in van der Schaft (1996). 

3.2 Model 

A compression system consisting of a compressor, axial or centrifugal, in 
series with a close-coupled valve, a plenum volume and a throttle is studied, 
consult Figure 2.3. The system is presented in section 2.2.4, and repeated 
here for convenience: 

1/; 4;21c (¢ - ~T(1/;)) (3.10) 

1 " , 
4> = z:(Wc(4» - u - 1/J), 

where u = "\It v, and the equivalent compressor characteristic is "\It e = "\It c -

"\ltv. The notation :i; is to be understood as differentiation with respect to 
nondimensional time , = c;: as in the previous chapter. 

Assumption 3.1 The throttle is assumed to be a passive component, more­
over the constant /'i,2 > 0 can always be chosen sufficiently small so that the 
characteristic satisfies the sector condition: 

(3.11) 

Our aim will be to design a control law u = "\It v (¢) for the valve such that the 
compressor also can be operated stably on the left side of the original surge 
line without going into surge. 

3.3 Passivity 

The passivity properties of the model (3.10) will now be analyzed. Our goal 
is to represent the system as a feedback interconnection of two blocks. Then, 
the idea is to use the control u to ensure that the blocks are strictly output 
passive and thus rendering the closed loop system £2-stable. 
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3.3.1 Passivity of Flow Dynamics 

Consider the non-negative function 

(3.12) 

The time derivative of (3.12) along solution trajectories of (3.10) is 

(3.13) 

Then, it is evident that 

\ -;j;'¢)T \ -~e(¢)'¢)T + Vl(~) - V1(0) 

> \-~e(¢)'¢)T-Vl(O) (3.14) 

Hence, the flow dynamics 
(3.15) 

where f:h : C2e -4 C2e is an input-output mapping, can be given certain 
passivity properties if the equivalent compressor characteristic ~ e (¢) can be 
shaped appropriately by selecting the valve control law ~ v ( ¢). 

3.3.2 Passivity of Pressure Dynamics 

Proposition 3.1 The pressure dynamics 

(3.16) 

where (12 : C2e -4 C2e is an input-output mapping, are strictly output pas­
sive. D 

Proof: Consider the nonnegative function 

(3.17) 

Differentiating V2 along the solution trajectories of (3.10) gives 

(3.18) 

In view of Assumption 3.1 and (3.18) it follows that 
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loT ft,T({/;){/;d~ + loT V2d~ 

> "'2 loT '11}(Od~ + V2 (O - V2(0) 

> "'211{/;1I} - V2(0). (3.19) 

Hence, 

(3.20) 

and Q2 is strictly output passive according to Definition 2.2.1 in van der 
Schaft (1996). 0 

Remark 3.1 In Simon and Valavani (1991), the incremental energy 

V = ~{/;2 + 2B2Ic;pZ, 
2 

(3.21 ) 

with different coefficients due to the choice of nondimensional time, was used 
as a Lyapunov function candidate. The selection of the functions VI and V2 

used here is obviously inspired by this function. 0 

3.3.3 Control Law 

The following simple control law is proposed: 

Proposition 3.2 Let the control law be given by 

u = ~v = cJ (3.22) 

where c > it -kl + "'1 and "'1 > 0 is a design parameter. Then the equivalent 

compressor characteristic - ~ e( J) will satisfy the sector condition 

(3.23) 

o 

Proof: 
The compressor characteristic is defined in equation (2.26). The equivalent 
compressor characteristic ~e(J) is then given by 
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Consider the inner product 

( -~e(~),~) T = loT ~(O (k3~3(~) + k2~2(O + (k1 + c)~(~)) d~ 

loT ~2{~) (k3~2{~) + k2~{~) + (k1 + C)) d~. (3.25) 

~ ~ ~ ~ 

It is noted that K{¢) = k3¢2 + k2¢ + (kl + c) has a minimum value for 
~ = -~. This minimum is calculated to be 

With the choice 

(3.27) 

it it follows from (3.24) that 

(3.28) 

By inserting (3.28) into (3.25) we get 

o 
Provided u = ~v is chosen as in (3.22), it follows from (3.14) and (3.29) that 
also the flow dynamics are made strictly output passive, that is 

We now state a stability reslult for the closed loop system E9dh, shown in 
Figure 3.1. 

Theorem 3.2 The closed loop system Eg},g2 consisting of the model {2.38} 
and control law {3.1} is £2-stable. 0 
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-'IjJ 
Q1 

¢ 

-

'IjJ 
Q2 

Figure 3.1: The closed loop system ~9dh 

Proof: 
The closed loop system ~91,92' shown in Figure 3.1, is a feedback intercon­
nection of the two systems 91 : -,(/J ...... J and 92 : J ...... ,(/J. As stated in (3.20) 
and (3.30), the two mappings satisfy 

(-,(/J,91(-,(/J)) > t\;11191(-,(/J)11} - VI (0) (3.31) 

(J,92J) > t\;21192¢11} - V2 (0) (3.32) 

for all T 2: 0 and all ¢,,(/J E L2e. According to the passivity theorem, Theo­
rem 3.1, ~91,92 is L2-stable. 0 

3.4 Disturbances 

A A 

d Wd-'IjJ 
QI 

¢ 

-

'IjJ 
Q2 

¢ + <I>d <I>d 

Figure 3.2: The closed loop system ~gl ,92 with disturbances 
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Consider the case when the compression system is subject to disturbances 
~d(O in mass flow and ~d(O in pressure rise as in Section 2.2.5. The model 
is repeated here for convenience: 

1 " " 
4B2lc (</J + CPd(') - CPT('I/J)) (3.33) 

1 " " 
[(Wc(</J) - u - 'I/J - Wd(')) 

It is assumed that ~d('), ~d(') E £2e. A stability result for the closed loop 
system shown in Figure 3.2 is now stated: 

Theorem 3.3 The system (3.33) under control (3.22) is £2-stable if the 
disturbances ~d(') in mass flow and W d(O in pressure rise are taken into 
account. 0 

Proof: 
Redefine 91 as 91 : -(~ - ~d) I-t ¢ and 92 as 92 : ¢ + ~d I-t~. The re­
sult follows by repeating the analysis in the preceding sections and replacing 
-~ with -~ + W d when establishing the strict output passivity of 91, and 
replacing ¢ with ¢+~d when establishing the strict output passivity of 92. 0 

The structure of the closed loop system is shown in Figure 3.2. Disturbance 
rejection of £2-disturbances in the Moore Greitzer model is also studied by 
Haddad et al. (1997), where throttle control of both surge and rotating stall 
is considered. While achieving global results and disturbance rejection for 
disturbances in both mass flow and rotating stall amplitude, the controller 
found by Haddad et al. (1997) is of high order, requires detailed knowledge 
of the compression system parameters and also needs full state feedback. 

3.5 Simulations 

Now the system (3.33) with control law (3.22) is simulated. The result is 
given in Figure 3.3. The controller gain was set to c = 1.1, and the controller 
was switched on at , = 300. The disturbances were 

0.25e-o.0015{ cos(0.40 

0.2e-O.0025{ sin(0.60, (3.34) 

which has the same structure as the £2-disturbances considered in Haddad 
et at. (1997). 
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Figure 3.3: Comparison of closed loop response with passivity based (solid 
lines) and backstepping based (dashed lines) controllers. 

Also plotted in Figure 3.3 is the response of the controller (3.1), simulated 
with the same disturbances. The parameters for (3.1) were chosen as C2 = 1, 
d1 = 0.3, d2 = 0.1. As can be seen, the two set of responses are almost 
indistinguishable. Figure 3.3 also illustrates the result of Corollary 2.2, where 
the controller (3.1) guarantees convergence to the equilibrium in the presence 
of disturbances upper bounded by a monotonically decreasing non-negative 
function. 

In Figure 3.4, the time varying disturbance terms are shown. The control 
action is plotted in Figure 3.5. The control action of the passivity based 
controller is plotted with a solid line, and the action of the backstepping 
based controller is plotted with a dashed line. The lower plot is a blown 
up version of the upper, and as previously mentioned, the differences are 
small. The most noteworthy one being that the passive controller creates 
a higher pressure drop initially. The small difference in control action can 
be explained with the low damping d1 and d2 chosen for (3.1), but with the 
current disturbances that is all that was needed. 

One advantage of the backstepping controller (3.1) compared to the passivity 
based (3.22) is that (3.1) ensures convergence to a set when the disturbances 
are not in £2, whereas the approach in this chapter demands that they are 
in £2' 
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3.6 Concluding Remarks 

In this chapter the passivity properties of the Greitzer model was used to 
derive a surge control law for a close coupled valve. The results in this chap­
ter, when not taking disturbances into account, are similar to the results in 
section 2.3.1. However, using input/output theory and passivity it was pos­
sible to show that the proportional controller u = c¢ yielded an L2-stable 
system in the presence of both mass flow disturbances as well as pressure 
disturbances. Compared to the more complicated controller (3.1) the advan­
tages of the input/output approach over the Lyapunov based approach of 
backstepping, in this particular case, should be evident. 

However, it is believed that the simple controller u = c¢ also could have been 
derived using backstepping, but with considerable more involved algebraic 
manipulations, and possibly a new choice of Lyapunov function candidate. 

It is straightforward to show that the stability result is still valid if the control 
law (3.22) is changed as long as the sector condition (3.23) hold. Thus, a more 
sophisticated controller could be used in order to e.g. minimize the steady 
state pressure drop over the CCV or improve transient performance, and still 
stability could be shown. 

When comparing with the results on rotating stall control in Haddad et ai. 
(1997), the passivity based method used here shows promise for developing 
a simple, low order, partial state feedback controller when rotating stall is 
also taken into account, and still achieving disturbance rejection. This is an 
interesting open problem. 



CHAPTER 4 

A MOORE-GREITZER TYPE MODEL 
FOR AXIAL COMPRESSORS WITH 
NON-CONSTANT SPEED 

4.1 Introduction 

In this Chapter we propose an extension to the Moore-Greitzer model, where 
non-constant rotational speed of the compressor is taken into account. The 
consequence of this is that the new model includes the B-parameter as a 
state. Higher harmonics of rotating stall will also be included in the model. 

In the original work of Moore and Greitzer, the compressor speed is assumed 
to be constant. Greitzer and Moore (1986) concluded that low values of 
Greitzer's B-parameter B lead to rotating stall, while high values of B lead 
to surge. Whether to term the B-parameter "high" or "low", is in this context 
dependent on the design parameters of the compressor at hand, as Day (1994) 
points out. There exists a Bcritical for which B > Bcritical will lead to 
surge and B < Bcritical will lead to rotating stall. However, this Bcritical 

is different for each compressor. As B is proportional to the angular speed 
of the machine, it is of major concern for stall/surge controller design to 
include the spool dynamics in a stall/surge-model, in order to investigate the 
influence of time varying speed on the stall/surge transients. 

It is known from the gas turbine literature, see e.g. Mattingly (1996) or Cohen 
et al. (1996), that acceleration of a single-shaft engine possibly can drive the 

J. T. Gravdahl et al., Compressor  Surge  and Rotating  Stall
© Springer-Verlag London Limited 1999
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pressure Surge line 

Mass flow 

Figure 4.1: Compressor transient trajectories in gas turbine. 

compressor into rotating stall. The Moore-Greitzer model can be viewed as a 
simplified model of a single shaft gas turbine. Acceleration of such engines is 
achieved by increasing the fuel flow to the combustor which in turn increases 
the turbine temperature and torque. The exit pressure of the compressor may 
then increase before the increase in compressor flow and speed has taken off. 
For engine deceleration, the effect is exact the opposite. This behavior is 
illustrated in Figure 4.1. The use of a large surge margin will restrict the 
magnitude of allowable transients. In modern jet engines several measures 
have been taken to prevent stall during acceleration. These measures include 
bleed valves, the use of multiple spools or variable stator blades. Gas turbines 
with mUltiple spools, i.e. twin-spools, will have different transient trajectories 
than the single spool case. In such machines the trajectory may approach 
the surge line during deceleration instead of acceleration. This topic will not 
be treated further in this book, a discussion is given in Cohen et al. (1996). 

A model for centrifugal compressors with non-constant speed was presented 
by Fink et al. (1992). In Gravdahl and Egeland (19971) a similar model 
was derived, and surge and speed control was investigated. However, both 
the models of Fink et al. (1992) and Gravdahl and Egeland (19971) were 
developed for centrifugal machines, and do not include rotating stall as a 
state. 

The model of Moore and Greitzer (1986) is based on a first harmonics ap­
proximation of rotating stall, using a Galerkin procedure. A fundamental 
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shortcoming of the low order, three state More Greitzer model is the one 
mode approximation. Mansoux et al. (1994) found that higher order modes 
interact with the first harmonic during stall inception. Relaxation of the 
one mode approximation has been presented by Adomatis and Abed (1993), 
Mansoux et al. (1994), Gu et al. (1996) and Leonessa et al. (1997a), and 
control designs for such models have been reported by several authors, see 
Table 4.1 below. Also, Banaszuk et al. (1997a) report of design of stall/surge 
controllers without using a Galerkin approximation, that is for the full PDE 
model. Leonessa et al. (1997 a) highlight the importance of including higher 
order modes of rotating stall in the model, and demonstrate that the control 
law proposed by Krstic et al. (1995a), which was based on a one mode model, 
fails when applied to a higher order model. 

In Table 4.1, the development in stall/surge modeling and control is outlined. 
Hansen et al. (1981) demonstrated that the model of Greitzer (1976a) also 
applies to centrifugal compressors. It seems that the modeling and control 
of an axial compression system including both rotating stall and spool speed 
is an open problem. The problem of non-constant speed is also listed among 
topics for further research in Greitzer and Moore (1986). 

I Reference(s) I states I A/C I M/C/S I 
Greitzer (1976a) cp,"IJ! A M 
Hansen et al. (1981) cp,"IJ! C M 
Several, see de Jager (1995). Also cp,"IJ! A/C C 
Gravdahl and Egeland (1997b) 
Fink et al. (1992) cp,"IJ!,B C M 
Gravdahl and Egeland (1998a) cp,"IJ!,B C MCS 
Moore and Greitzer (1986) cp,"IJ!,J A M 
Eveker and Nett (1991) cp,"IJ!,B A MC 
Several, see de Jager (1995). Also cp,"IJ!,J A C 
Gravdahl and Egeland (1997 c) 
Mansoux et al. (1994) cp,"IJ!, Ji A M 
Leonessa et al. (1997 a) cp,"IJ!, Ji A MC 
Adomatis and Abed (1993) Cp,"IJ!, Ji A C 
Hendrickson and Sparks (1997) 
Humbert and Krener (1997) 
Gravdahl and Egeland (1997 a) cp,"IJ!,J,B A MS 
Gravdahl and Egeland (1997 d) cp,"IJ!, Ji , B A MS 

Table 4.1: Outline of the development in compressor stall/surge modeling 
and control. A=Axial, C=Centrifugal, M=Modeling, C=stall/surge control, 
S=Speed control. The model of Eveker and Nett {1991} uses states with 
dimensions. 
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Figure 4.2: Principal drawing of the compression system of (Moore and Gre­
itzer 1986). The station numbers are used as subscripts in the following. 

4.2 Preliminaries 

The compression system is essentially the same as in Chapter 2, and consists 
of an inlet duct, inlet guide vanes (IGV), axial compressor, exit duct, plenum 
volume and a throttle. The differences, compared to Chapter 2, are that the 
compressor speed is non-constant, and a CCV is not included. The system 
is shown in Figure 4.2. Our aim is to develop a model for this system in the 
form 

z = f(z), 

where z = (q>, lJI, Ji , Bf E JRq and 

• q> is the circumferentially averaged flow coefficient 

• lJI is the total-to-static pressure rise coefficient 

( 4.1) 

• J i is the squared amplitude mode i of angular variation (rotating stall) 

• B is Greitzer's B-parameter which is proportional to the speed of the 
compressor. 

• i = 1 ... N is the rotating stall mode number. N is the maximum 
number of stall modes determined by the gas viscosity. 
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• The dimension of the state space is q = N + 3. 

The modeling of the compression system relies heavily on the modeling in 
Moore and Greitzer (1986). However, the assumption of constant speed U, 
and thus constant B, is relaxed and a momentum balance for the spool is 
included. The gas viscosity as introduced by Adomatis and Abed (1993) is 
also taken into account, and N modes are included in the model as opposed to 
the work of Moore and Greitzer (1986) where a first harmonic approximation 
was used. 

Moore and Greitzer (1986) define non dimensional time as 

Ut 
~MG = R' (4.2) 

where U is the rotor tangential velocity at mean radius, R is the mean com­
pressor radius and t is actual time in seconds. As we here consider time 
varying U, this normalization will not be used. Instead we propose to use 

(4.3) 

where Ud is the desired constant velocity of the wheel. Note that if 

Ud = U = canst :::} ~ = ~MG. (4.4) 

All distances are nondimensionalized with respect to R, that is the nondi­
mensional duct lengths, see Figure 4.2, are defined as 

(4.5) 

The axial coordinate is denoted 'T/ and the circumferential coordinate is the 
wheel angle O. Greitzer's B-parameter is defined as 

(4.6) 

where as is the speed of sound, Vp is the plenum volume, Ac is the compressor 
duct flow area and Lc is the total length of compressor and ducts. Band U 
are related as 

U=bB, (4.7) 

where 

(4.8) 

is a constant. 
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4.3 Modeling 

4.3.1 Spool Dynamics 

The momentum balance of the spool can be written 

(4.9) 

where w is the angular speed, I is the spool moment of inertia, and Tt and 
Tc are the drive (turbine) torque and compressor torque respectively. Cohen 
et al. (1996) note that the net torque Tt - Tc is the difference between two 
quantities of similar magnitude, so a small change in either may result in a 
much larger change in the torque available for acceleration. For a jet engine, 
the turbine torque will depend on, and be determined by, the fuel flow to the 
combustion chamber. Then, the turbine torque will be given by 

(4.10) 

Here, the turbine torque Tt will be treated as an input to the model, and the 
underlying details in producing this torque will not be studied further. Using 

w = UjR, ( 4.11) 

and equations (4.3) and (4.6), the spool dynamics (4.9) can be written 

2as IUd J AcLc dB - _ 
R2 Vp d~ - Tt Tc· 

As in Fink et al. (1992), torques are nondimensionalized according to 

Tt - Tc 
r = r t - r c = pAcRU2' 

where p is the constant inlet density. Now, (4.12) can be written 

where the constant Al is defined as 

A ~ pR3Acb 
1 IUd· 

(4.12) 

( 4.13) 

(4.14) 

(4.15) 

As the compressor torque equals the change of angular momentum of the 
fluid, see for instance Mattingly (1996), the compressor torque can be written 

(4.16) 
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where C91 and C92 are the tangential fluid velocity at the rotor entrance and 
exit respectively. Assuming that Cz , the flow velocity in the axial direction, 
is the same at entrance and exit, 

( 4.17) 

where (31 and (32 fluid angles at the rotor entrance and exit respectively. The 
fluid angles are time varying. However, Cohen et al. (1996) show that 

tan (31b - tan (32b = tan (31 - tan (32, (4.18) 

where (3Ib and (3b2 constant blade angles at the rotor entrance and exit re­
spectively. The compressor mass flow is given by 

( 4.19) 

The combination of (4.17), (4.18) and (4.19) result in 

(4.20) 

and by (4.13) the non dimensional compressor torque is 

(4.21) 

In terms of the compressor speed U, the dynamics of the spool can be written 

dU = Alru2 
d~ b . 

4.3.2 Compressor 

Moore (1984a) give the pressure rise over a single blade row as 

where 
rp = Cz 

U 

(4.22) 

(4.23) 

(4.24) 

is the local axial flow coefficient, F( rp) is the pressure rise coefficient in the 
blade passage, Cz is the velocity component along the x-axis, and l' is a 
coefficient of pressure rise lag. According to Moore and Greitzer (1986), ¥t 
can be calculated as 

( 4.25) 
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Using (4.3) it is seen that 

(~~) rotor 

8¢ 8~ 8¢ 8() 
8~ 8t + 8() 8t 
Ud 8¢ 8¢ U(t) 

= R 8~ + 8()R 

( ~~ ) stator = 
Ud 8¢ 
R8~' 

( 4.26) 

(4.27) 

where the unsteadiness of the flow through the stator passage reflects the 
accelerations associated with transients effects. For the rotor there is also 
unsteadiness due to the rotor blades moving with velocity U(t) through a 
circumferentially nonuniform flow. Considering a compressor of Ns stages, 
we get 

PE - Pl 1 (8¢ U 8¢) 
~pU2 = NsF(¢) - 2a 2 8~ + Ud 8() , (4.28) 

where 
6. R 

a= -- (4.29) 
NsTUd 

is a constant. Note that if U(~) = const and Ud == U such that ~ = ~MG, 
equation (4.28) is reduced to equation (5) in Moore and Greitzer (1986). It 
is noted that the flow coefficient ¢ can depend on both ~ and (), even though 
the atmospheric stagnation pressure PT is constant. The average of ¢ around 
the wheel is defined as 

Further 

-.!:.. r27r ¢(~, ())d() ~ ~(~). 
21f 10 

¢ = ~(~) + g(~, ()) and h = h(~, ()), 

(4.30) 

(4.31) 

where h is a circumferential coefficient. As no circulation occurs in the en­
trance duct it is clear that the averages of 9 and h vanish: 

(4.32) 

4.3.3 Entrance Duct and Guide Vanes 

The fact that the rotational speed of the wheel now is assumed time varying 
does not change the conditions upstream of the compressor. Therefore, the 
equations stated in Moore and Greitzer (1986) are still valid, and will be 
presented here. The pressure difference over the IGVs, where the flow is 
axial, can be written 

Pl - Po = ~K h2 
pU2 2 G , 

(4.33) 
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where 0 < KG ~ 1 is the entrance recovery coefficient. If the IGVs are 
lossless KG = 1. Upstream of the IGV irrotational flow is assumed so that 
a (unsteady) velocity potential 4> exists. The gradient of 4> gives axial and 
circumferential velocity coefficients everywhere in the entrance duct. At the 
IGV entrance point (denoted by subscript '0') we have 

(4)'1)0 = q;(~) + g(~,(J) and (4)0)0 = h(~,(J), (4.34) 

where partial differentiation with respect to TJ and (J is denoted by subscripts. 
Bernoulli's equation for unsteady, frictionless and incompressible flow will be 
used to calculate the pressure drop in the entrance duct. As in Moore and 
Greitzer (1986) and White (1986), this can be written 

P~;:O = ~(1/>2 + h2) + (4){)0, (4.35) 

where the term (4)e)o is due to unsteadiness in q; and g. A straight inlet duct 
of nondimensionallength lr is considered, and the velocity potential can be 
written 

4> = (TJ + lI)q;(~) + 4>'(~,TJ), 
where 4>' is a disturbance velocity potential such that 

(4.36) 

4>'1'1=-'1 = 0, (4)~)0 = g(~,(J) and (4)~)0 = h(~,(J). (4.37) 

Equation (4.35) can now be written 

PT - Po 1 2 2 dq; -, 
pU2 = 2(1/> + h ) + lr ~ + (I/>e)o. (4.38) 

4.3.4 Exit Duct and Guide Vanes 

Downstream of the compressor, the flow is complicated and rotational. As 
in Moore and Greitzer (1986), the pressure P in the exit duct is assumed 
to differ only slightly from the static plenum pressure P8(~)' such that the 
pressure coefficient P satisfies Laplace's equation. 

P ~ P8~b; P , \72 P = O. (4.39) 

The axial Euler equation, see for instance White (1986), is used to find the 
pressure drop across the exit duct. The Euler equation is the inviscid form of 
the differential equation of linear momentum. If integrated along a streamline 
of the flow, the Euler equation will yield the frictionless Bernoulli equation. 
The Euler equation in the x-coordinate, neglecting gravity, can be written as 

dp dCz 
--=p-. 

dx dt 
(4.40) 
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Employing the chosen nondimensionalization of time and distance, 

we get 

d Ud d d 1 d 
dt = R d~ and dx = R d1/ ' 

dPE 
dx 

dCz 

dt 

(4.41) 

(4.42) 

( 4.43) 

Inserting (4.42) and (4.43) in (4.40) we get the following expression for the 
axial Euler equation, evaluated at E, where time varying U has been taken 
into account 

(4.44) 

From (4.34) we have 
(¢1/do = ~{(~) + (¢~{)o. (4.45) 

Inserting (4.34) and (4.45) into (4.44) we get 

( 4.46) 

At the duct exit, 1/ = lE, we want that P = Ps, that is P = O. Thus, when 
integrating (4.46), the constant of integration is chosen such that 

Finally, we get 

Ps -PE 
pU2 = (P)E = ~~) ( -lE ~~ - (m - l)(¢{)o) 

Ud dU ( -, ) +U2 d~ -lE~(~) - (m -l)(¢)o , 

( 4.47) 

( 4.48) 

where, as in Moore (1984c) and Moore and Greitzer (1986), the compressor 
duct flow parameterl m has been included. It is noted that if U(~) =const 
and Ud == U such that ~ = ~MG, equation (4.48) is reduced to equation (20) 
in Moore and Greitzer (1986). 

1m = 1 for a very short exit duct, and m = 2 otherwise. 
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4.3.5 Overall Pressure Balance 

Using the preceding calculations, we now want to calculate the net pressure 
rise from the upstream reservoir total pressure PT to the plenum static pres­
sure Ps at the discharge of the exit duct. This is done by combining equations 
(4.28), (4.33), (4.38) and (4.48) according to 

Ps - PT (NF(cjJ) _ ~cb2) _ (lJ + lE Ud + ~)d<I> 
pU2 2· U a d~ 

+ ((1- m)~ -1) (¢{)o - ~(1- KG)h2 

Ud dU ( -, ) + U2 d~ -IE<I>(O - (m - l)(cjJ )0 

1 (- U - ) - 2a 2(cjJ{1))0 + Ud (cjJ~o)o , 

where 

8cjJ 8cjJ 
2 8~ + 80 

has been used. By defining 2 

mu(U) 

Ps - PT 
pU2 

NF(cjJ) _ ~cjJ2 
2 

Ud 1 
lJ+lE-+­U a 

Ud 
(1- m)U -1, 

and assuming KG == 1, (4.49) can be written 

d<I> -
we(cjJ) -le(U) d~ + mu(U)(cjJ{)o 

+ g~ ~~ (-lE<I>(~) - (m - l)(¢')o) 

1(- U- -) - 2a 2(cjJ{1)) + Ud (cjJ~o) - /-L(cjJ~oo) 0' 

( 4.49) 

(4.50) 

(4.51) 

( 4.52) 

which, when assuming U = Ud and /-L = 0, reduces to equation (26) in 
Moore and Greitzer (1986). In (4.52) the /-L-term is included in order to 

2Notice that Ie # LeR. As in Fink et al. (1992) Le, used in the definition of B, is a 
constant. See equation (4.6). 
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account for viscous transportation of momentum in the compressor. Viscosity 
was first introduced into the Moore-Greitzer model by Adomatis and Abed 
(1993), and included in the analysis of Gu et al. (1996) and Hendrickson 
and Sparks (1997). Adomatis and Abed (1993) conclude that the effect of 
viscous damping must be included in a multi mode Moore-Greitzer model. 
This to ensure that the large velocity gradients associated with higher modes 
will be damped out. Without viscosity, all the modes would have the same 
amplitude in fully developed rotating stall. 

Equation (4.52) requires knowledge of the disturbance velocity potential ;P' 
and its derivatives. As;P' satisfies Laplace's equation ,\,21/ = 0 it has a 
Fourier series. This Fourier series has N terms, where the number N is 
dependent on p,. According to Adomatis and Abed (1993) and Gu et al. 
(1996), 

N _ { 00 for p, = 0 
- finite for p, > 0 . (4.53) 

By using (4.7), equation (4.52) can be written in terms of B, and by integra­
tion of (4.52) over one cycle with respect to 0, we get 

d~ Udr Ai 1 f21r 
'l1(~) + le(B) d~ + IE-b-~(~) = 211" Jo 1/Je(¢)dO, 

which is the annulus averaged momentum balance. 

4.3.6 Plenum Mass Balance 

The mass balance in the plenum can be written 

d 
d~ (pp Vp) = me - mt, 

(4.54) 

(4.55) 

where Pp is the plenum density, me is the mass flow entering the plenum 
from the compressor, and mt is the mass flow leaving through the throttle. 
Assuming the pressure variations in the plenum isentropic, we have 

dpp a; ( 
d[ = Vp me - mt), (4.56) 

which is shown in detail in Appendix C. By nondimensionalizing pressure 
with pU2 , mass flow with pU Ae, transforming to nondimensional time~, and 
taking account for (4.6), (4.56) can be written 

d'l1 A2 2 dB 
d~ = B(~ - CPT) - B d~ 'l1, (4.57) 

where the constant A2 is defined as 

b. R 
A2 = LeUd b. (4.58) 
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Using (4.14) we get 

(4.59) 

The model of the compression system now consists of the torque balance for 
the spool (4.14), the local momentum balance (4.52), the annulus averaged 
momentum balance (4.54) and the mass balance of the plenum (4.59). 

The compression system characteristics are taken from Moore and Greitzer 
(1986). The usual third order polynomial steady state compressor character­
istic presented in Chapter 2 is used, and repeated here for convenience: 

where the parameters 'l/JcQ, Hand Ware defined in Chapter 2. 

The throttle characteristics is again taken to be 

4.3.7 Galerkin Procedure 

(4.60) 

(4.61) 

In order to transform the PDE (4.52) into a set of ODEs, a Galerkin approx­
imation is employed. The disturbance velocity potential ¢' is represented by 
the function (¢')*: 

( 4.62) 

where An(~) is the amplitude of mode number n ofrotating stall and Tn(O, n = 
1 ... N(/-L) are unknown phase angles. The residue Rn , for use in the Galerkin 
approximation, is defined as 

Rn ~ (¢~)~ - (¢~)Q' (4.63) 

and using (4.52) and (4.62), Rn can be calculated as 

(4.64) 
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where 

The Galerkin approximation is calculated using the weight functions 

and the inner product 

Calculating the moments 

results in 

Ml = 2~ ( \f!(O + lc(B) ~: + lE Ud~Al CI>(O 

+ 127r \f!c(CI>+WAn({)Sin(n)d(n) 

M2 = 2~ (UdrA~~m - 1) An({) + ;;: An({) 

(4.65) 

(4.66) 

(4.67) 

(4.68) 

+ dAn (~_ mB(B)) (4.69) 
d{ a n 

+ 127r \f! c (CI> + W An({) sin (n) sin (nd(n) 

M3 ~ (_ (dTn (~ _ mB(B)) _ bBn) A(O 
211" d{ a n 2aUd 

+ 127r \f! c (CI> + W An(O sin (n) cos (nd(n) 

It is recognized that, due to \f! c( </» being even in </>, the last term in M3 
vanishes. Demanding M3 = 0 and assuming An =1= 0 the phase angles Tn 
must satisfy 

d n b 2b 
Tn _ "2 Ud B _ n B () 
d{ - 1-~ - 2Ud(n - mB(B)a) . 4.70 

n 

Notice that time varying B implies that the phase angles Tn are not constant, 
which was the case in the constant speed, first harmonic model of Moore and 
Greitzer (1986) and the constant speed, higher order models of Adomatis and 
Abed (1993) and Gu et al. (1996). 
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4.3.8 Final Model 

By evaluating the integrals in (4.69) using (4.60), demanding M1 = M2 = 0, 
and using (4.14) and (4.59), the following model for the compression system 
is found: 

dip 

d~ 
= ~ (_ \{I - '!/JeD + 1 + ~(.!.- _ 1)(1 _ !...) 

le(B) H 2 W 2 

_~(.!.- _ 1)3 _ IEUdrA 1 ip) 
2 W bH 

A2 
Ii(ip - ipT) - 2A1rB\{I 

( ip 2 I n J.Ln2W 
I n 1 - (W - 1) -""4 - 3aH 

_ 2UdrA 1 (m - 1)W) 3aHn 
3bHn (n - mB(B)a)W 

(4.71) 

(4.72) 

(4.73) 

(4.74) 

where n = 1 ... N(J.L) , I n is defined as the square of the stall amplitude An 

(4.75) 

and 
{:, 1 N(J1.) 

J(~) = N(J.L) ~ In(~). (4.76) 

The model (4.71)-(4.74) is in the desired form of (4.1). 

In the case of pure rotating stall, ~ = 0 and r = 0, the equilibrium values 
of I n is found from (4.73) to be 

J = 4 1 - - - 1 - /1.--( ( ip )2 n2W) 
ne W r'3aH' (4.77) 

which corresponds to the result by Gu et al. (1996). 

If the Galerkin approximation is carried out with only one term in the Fourier 
expansion of ¢' and assuming J.L = 0, as was done in Gravdahl and Egeland 
(1997a), equation (4.73) is changed to 

dJ1 = J1 (1 _ (.!.- _ 1)2 _ J1 _ 2UdrA 1(m - 1)W) 3aH 
d~ W 4 3bH (1 - mB(B)a)W· 

(4.78) 
The rest of the model is left unchanged, and the model is similar to that of 
Moore and Greitzer except for time varying B. 



136 A MG Model for Axial Compr. with Non-constant Speed 

It should be noted that the model developed in this chapter also can be 
reduced to other well known compression system models. This is summed up 
in table 4.2. 

Changes made Redefine Gives the model of 
to (4.71)-(4.74) nondim. 

time acc. to 

U = Ud, r = 0 
J = 0, ~~ = 0 ~._ Ut 

.- R Greitzer (1976a) 
N = 1, JL = 0 
r=o 
dB - 0 U - U d[-' - d 

~._ Ut 
.- R Moore and Greitzer (1986) 

N = 1, JL = 0 
J=O ~:= tWH Fink et al. (1992) 
N = 1, JL = 0 (Centrifugal) 
N = 1, JL = 0 - Gravdahl and Egeland (1997 a) 

U = Ud, r = 0 
dB - 0 
d~ -

~._ Ut ,- R Gu et al. (1996) 
m = >..tanh( nlJ ) 
U = Ud, r = 0 ~.- !!..! Adomatis and Abed (1993) 
dB 0 

.- R 

d[= 

Table 4.2: In this table it is shown how the model derived in this chapter can 
be reduced to other known models form the literature. WH is the Helmholtz 

1 

frequency defined as W H = as (L~t-p) 2 . 

4.4 Simulations 

Here some simulations of the model developed in this chapter will be pre­
sented. For speed control, a simple P-type controller of the form 

(4.79) 

will be used. The non dimensional drive torque r t is used as the control, and 
feedback from compressor speed U is assumed. In Gravdahl and Egeland 
(1997.f) compressor speed was controlled in a similar manner, and stabil­
ity was proven using Lyapunov's theorem. The desired speed was set to 
Ud = 215m/s in both the following simulations. Numerical values for the 
parameters in the model are given in Appendix E. 



4.4 Simulations 137 

4.4.1 Unstable Equilibrium, 1=0.5 

In Figure 4.3, the response of the model (4.71)-(4.74) with speed control 
(4.79) and Cspeed = 1 is shown. Only the first harmonic J1 of rotating stall 
is included in this simulation. Initial values were chosen as 

(q" 'II, J1 , B)o = (0.55, 0.65, 0.1, 0.1), (4.80) 

such that the (q" '11)-trajectory starts on the stable part of the com pressor 
characteristic as can be seen in Figure 4.4. 
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Figure 4.3: Simulation of the system {4. 71}-{4. 74}. Low B leads to rotating 
stall, and high B leads to surge. 

The throttle gain was set at , = 0.5 so that the equilibrium is to the left of 
the local maximum of the characteristic. As can be seen from Figure 4.3, the 
compressor goes into rotating stall as B (and thus compressor speed U) is 
low. Moreover, when the applied torque from the speed controller cause B to 
increase, the stall amplitude J falls off and the compressor goes into surge. 
This is what could be expected according to Greitzer and Moore (1986). The 
surge oscillations have a period of ~ ~ 180, which correspond to a surge 
frequency of about 10Hz. A desired speed of Ud = 215m/ s corresponds to 
a desired B-parameter of Bd = Ud/b = 2.23. After ~ ~ 1500 this value is 
reached. As the compressor torque rc varies with </J, see equation (4.21), we 
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would expect oscillations in speed U as the compressor is in surge. This is 
confirmed by the lower right plot in Figure 4.3. In the upper plot of Figure 4.4, 
the trajectory starts on the stable part of the characteristic, then rotating 
stall occurs and the trajectory approaches the intersection of the throttle 
and in-stall characteristics. As B increases, the resulting surge oscillations 
are clearly visible. 

. . 

. I , , 
.............. . ....................... , ............................ , .. ... ................ . . . . . . . 

0.8 .............. . ..... -

~ 0.6 

0 .2 
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... ~ ~ oL-__ ~ ____ ~~~~ ____ L-__ -i ____ ~ ____ ~ __ ~~ __ ~ __ ~ 

- 0 .2 -0.1 o 0.1 0 .2 0.3 0 .4 0 .5 0.6 0 .7 0 .8 

Figure 4.4: Simulation result superimposed on the compression system char­
acteristics. The compressor characteristic, the in-stall characteristic and the 
throttle characteristic are drawn with solid, dashed and dash-dot lines respec­
tively. 

Now, the model is simulated using N = 3, that is three harmonics. Initial 
values were chosen as 

(<Jl, 'lI, B, J1 , J2 , h)o = (0.55, 0.65, 0.1, 0.1, 0.05, 0.01). (4.81 ) 

The upper plot in Figure 4.5 shows the response of the three first harmonics of 
the squared amplitude of rotating stall J1 , J2 and J3 • The response is other­
wise similar to that of Figure 4.3. The lower plot is a magnified version of the 
200 first time units of the upper plot, and shows that during stall inception, 
the second harmonic J2 dominates the first harmonic J1 . This emphasizes 
the importance of using higher order approximations of the Moore-Greitzer 
model. This phenomenon was also observed by Mansoux et al. (1994) for 
constant speed compressors. 
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The previous simulations have both used a desired speed of Ud = 215m/ s 
resulting in a high B-parameter and driving the compressor into surge. Now, 
the desired speed is changed to Ud = 75m/ s which corresponds to a B­
parameter of 0.78. This is sufficiently low for the compressor studied here to 
become stuck in rotating stall. The simulation is shown in Figure 4.6 using 
three harmonics of the squared amplitude of rotating stall. The first harmonic 
J1 has the highest equilibrium value. This equilibrium value decreases with 
mode number n due to the effect of viscosity, as stated in equation (4.77). 
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Figure 4.5: The three first harmonics of rotating stall. The first harmonic J1 

has the highest maximum value. This maximum value decreases with mode 
number du to the effect of viscosity. The lower plot shows that h dominates 
J1 during stall inception. 

4.4.2 Stable Equilibrium 'Y = 0.65 

In Figure 4.7, the impact of the spool dynamics on a stable equilibrium of 
the compression system is illustrated. Only J1 is used in this simulation, 
and the initial values in (4.80) were used. Similar plots can be produced 
also if higher harmonics are included. The throttle gain was set at , = 0.65 , 
giving a stable equilibrium, and the speed controller gain was again chosen as 
Cspeed = 1. The solid trajectories show the system response to a speed change 
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Figure 4.6: System response with low Ud, resulting in the compressor being 
stuck in rotating stall. 

from U = 0.05m/ s to U = 215m/ s. It can be seen that the acceleration of U 
affects the other states of the model. This is due to the couplings with speed 
U and torque r in the model. Of special interest here, is the stall amplitude. 
The initial value of J(O) = 0.05 grows to nearly fully developed rotating stall 
as the machine is accelerating, but is quickly damped out as desired speed is 
reached. In Figure 4.8, the response is plotted together with the compressor 
and throttle characteristics, and the transient caused by the acceleration can 
easily be seen. 

Simulations show that this stalling can be avoided by accelerating the com­
pressor at a lower rate, that is by using a smaller Cspeed. T0ndel (1996) used 
a low pass filtered velocity reference in order to achieve slow enough accel­
eration to avoid stall. This could possibly also be achieved with other, more 
advanced speed controllers, and is a topic for further research. 

In contrast, the dashed trajectories in Figure 4.7 show the response without 
the spool dynamics. Now, the initial value J(O) = 0.05 is damped out very 
quickly, and q; and W converge to their equilibrium values. The transient 
effects observed are due to the initial conditions. 
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Figure 4.7: Stable equilibrium with and without B-dynamics 
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Figure 4.8: Effect of acceleration plotted on the compressor characteristic 
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4.5 Concluding Remarks 

In this Chapter, a multi mode Moore-Greitzer axial compressor model with 
spool dynamics was derived. This resulted in a model with time varying 
B-parameter. Through simulations it was demonstrated that the model was 
capable of demonstrating both rotating stall and surge, and that the type of 
instability depended on the compressor speed. Compressor speed was con­
trolled with a simple proportional control law. In the original Moore Greitzer 
model, only the first mode of rotating stall was included. The simulations in 
this chapter show that during stall inception, higher order modes can domi­
nate the first mode. This is in accordance with known results, and is shown 
here to be valid also for variable speed compressors. 

Further work on this topic includes: 

1. Stability analysis and stall/surge control design for variable speed axial 
compressors and 

2. The use of simultaneous speed control and stall/surge control to achieve 
rapid acceleration without stalling the compressor. 



CHAPTERS 

MODELLING AND CONTROL OF SURGE 
FOR A CENTRIFUGAL COMPRESSOR WITH 
NON-CONSTANT SPEED 

5 .1 Introduction 

In this Chapter the compressor characteristic for a variable speed centrifugal 
compressor is investigated. This characteristic is incooperated in a model 
similar to that of Fink et al. (1992), and surge phenomena is studied in 
connection with varying compressor speed. Energy losses in the compressor 
components are used to derive the characteristic, making a departure from 
the usual cubic characteristic most commonly encountered in the surge con­
trolliterature. Inspired by Ferguson (1963) and Watson and Janota (1982), 
fluid friction and incidence losses, as well as other losses, in the compressor 
components are modeled, and a variable speed compressor characteristic is 
developed based on this. Both annular and vaned diffusers are studied. Surge 
and speed controllers for variable speed centrifugal compressors are presented 
and analyzed. The speed is controlled with a PI-control law. 

Axial and centrifugal compressors mostly show similar flow instabilities, but 
in centrifugal compressors, the matching between components, such as im­
peller and diffuser, infl. uences the stability properties. According to Emmons 
et al. (1955), de Jager (1995) and others, rotating stall is believed to have lit­
tle effect on centrifugal compressor performance. The modeling and analysis 

J. T. Gravdahl et al., Compressor  Surge  and Rotating  Stall
© Springer-Verlag London Limited 1999
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~ 0)-

CCV Vp 

< Le ~ 

Figure 5.1: Compression system with CCV. 

in this Chapter is thus restricted to surge. Hansen et at. (1981) showed that 
the model of Greitzer (1976a) is also applicable to centrifugal compressors, 
and this model will also be used here. 

Since compressors are variable speed machines, it is of interest to investigate 
the influence of speed transients on the surge dynamics. Models describing 
this interaction were developed in Eveker and Nett (1991) for axial compres­
sors and in Fink et at. (1992) for centrifugal compressors. As surge can occur 
during acceleration of the compressor speed, it is of major concern to develop 
controllers that simultaneously can control both surge and compressor speed. 

For surge control, the CCV is again employed. Semi-global exponential sta­
bility results for the proposed controllers are given using Lyapunovs method. 
The results are confirmed through simulations. 

5.2 Model 

We are considering a compression system consisting of a centrifugal compres­
sor, close coupled valve, compressor duct, plenum volume and a throttle. The 
throttle can be regarded as a simplified model of a turbine. The system is 
shown in Figure 5.1. The model, which will be developed in this Chapter, 
and is to be used for controller design has the following structure: 

2 

Pp 
aOl = - (m - mt) 
Vp 

m Al 
Le (P2 - pp) (5.1) 

W 
1 
I h - Te), 
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where m is the compressor mass flow, Pp is the plenum pressure, P2 is the 
pressure downstream of the compressor, aOI is the inlet stagnation sonic 
velocity, Lc is the length of compressor and duct, Al is the area of the impeller 
eye (used as reference area), I is the spool moment of inertia, Tt is the drive 
torque and Tc is the compressor torque. The two first equations of (5.1) are 
equivalent to the model of Greitzer (1976a) which was also used in Chapter 
2 and 3, whereas the whole model (5.1) is similar to the model of Fink et 
al. (1992). It should also be noted that models similar to (5.1) are used 
in modeling the compressor in internal combustion engine turbochargers, 
see Foss et al. (1989). In the turbocharger case, Pp would be the intake 
manifold or intercooler pressure. In addition to the assumptions used in 
the derivation of model of Greitzer (1976a), it is now assumed that the gas 
angular momentum in the compressor passages is negligible compared to rotor 
angular momentum. 

Note that in the model used throughout this chapter, the states are with 
dimension, as opposed to the previous chapters, where non dimensional states 
were used. This is due to the fact that the normalization usually employed 
in the turbomachinery literature involves division with the compressor speed 
U, see Appendix C. As U is taken to be time varying in this Chapter, 
this normalization will produce additional nonlinear terms in the model. By 
inspecting the model (4.71)-(4.74) in the preceding Chapter, one can see 
that the normalization was responsible for introducing the nonlinear term in 
the differential equation for the pressure rise coefficient q" and also for the 
quadratic term in B in the differential equation for B. This was also done in 
the model developed by Fink et al. (1992), and would happen to the model in 
this Chapter if normalization was to be used. As the model we are developing 
in this Chapter is to be used for controller design and stability analysis, it 
is desirable to keep the model as simple as possible in order to reduce the 
complexity of the analysis. Therefore, a model with dimensions is used. 

The angular speed of the compressor w is included as a state in addition to 
mass flow and pressure rise which are the states in Greitzer's surge model. 
The equation for Pp follows from the mass balance in the plenum, assuming 
the plenum process isentropic, the derivation is shown in Appendix C. The 
equation for m follows from the impulse balance in the duct. In the following, 
the model (5.1) will be developed in detail. In particular, expressions must 
be found for the tenus P2 and Tc. It will also be shown that an expression 
for the compressor characteristic results from this derivation. 

The calculation of the compressor pressure rise will be based on energy trans­
fer and energy losses in the various parts of the compressor. In the following 
Sections, the different components of the centrifugal compressor will be stud­
ied. The centrifugal compressor consists essentially of a rotating impeller 
which imparts a high velocity to the gas, and a number of fixed diverging 
passages in which the gas is decelerated with a consequent rise in static pres-
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sure. A schematic drawing of a compressor is shown in Figure 1.3. The 
innermost part of the impeller is known as the inducer, or the impeller eye, 
where the gas is sucked into the compressor. The part of the compressor 
containing the diverging passages is known as the diffuser. The diffuser can 
be vaned, as in Figure 1.3, or vaneless. A vaneless diffuser (also known as an 
annular diffuser) is a simple annular channel with increasing cross-sectional 
area. The choice of diffuser type depends on the application of the compres­
sor. After leaving the diffuser, the gas may be collected in a volute (also 
known as a scroll), as shown in Figure 1.4. 

The energy transfer to the gas takes place in the impeller. In the ideal case, 
this energy is converted into a pressure rise. However, a number of losses 
occur in the compressor, the main ones being friction losses and incidence 
losses in the impeller and the diffuser. These losses shape the compressor 
characteristic, and the incidence losses are the cause of the positive slope of 
the characteristic, which in turn determines the area of the compressor char­
acteristic where surge occurs. Therefore, these components will be studied 
in detail in the following. A number of other losses, e.g. losses in the volute, 
are taken into account as drops in efficiency. 

The modeling using friction and incidence losses assumes that the mass flow 
m is positive, that is deep surge with flow reversal is not taken into account 
during the development of the model. However, some modifications are made 
in Section 5.4 so that the final model also covers the case of deep surge. 

5.2.1 Impeller 

Incoming gas (air) enters the impeller eye (the inducer) of the compressor 
with absolute velocity Cl , see Figure 5.2. The mass flow m and Cl is given 
by 

1 
Cl=-A m, 

POI 1 
(5.2) 

where POI is the constant stagnation inlet density. The tangential velocity 
Ul , at diameter Dl , of the inducer is calculated as 

Dl 
Ul = TW = Dl7rN, (5.3) 

where W is the angular velocity of the impeller and N is the number of 
revolutions per second. The average diameter Dl is defined according to 

(5.4) 

where Dtl and Dhl are the diameters at inducer tip and hub casing respec­
tively. The circle with diameter Dl and area Al divides the inducer in two 
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< 

(31b 

Figure 5.2: Velocity triangle at inducer. Section through inducer at radius 
r1 = Dd2. 

annuli of equal area. The axial component of C1 is C1a and the velocity 
relative to the blades is W1 . From Figure 5.2 it is seen that the gas velocity 
W1 relative to the impeller is 

wf = Cr + Ur - 2U1C1l1. (5.5) 

At the impeller tip, the gas leaves the impeller with velocity C2 and flow 
angle a2 as shown in Figure 5.3. The diameter at the impeller tip is D 2 , the 
tangential tip velocity is U2 , the axial component of C2 is C2a and the gas 
velocity relative to the rotor blades is W2 . The constant angle (32b is known 
as the backsweep angle. However, the flow angle (32 usually deviates from (32b 

due to slip, a phenomenon described in Section 5.3.2. 

CII2 
< 

Figure 5.3: Velocity triangle at impeller tip. 
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5.2.2 Diffuser 

Centrifugal compressors are usually fitted with either a vaneless (annular) or 
a vaned diffuser. The influence of the diffuser upon compressor performance 
cannot be over emphasized, as a considerable proportion of the fluid energy 
at the impeller tip is kinetic energy and its efficient transformation into static 
pressure is important (Ferguson 1963). 

Annular Diffuser 

The annular diffuser is a simple annular channel in which the fluid loses 
velocity and gains static pressure. One disadvantage of the annular diffuser 
is its size, as its outlet radius must be twice its inlet radius if the velocity 
is to be halved in it (Ferguson 1963). Its advantages are its price and wide 
range of operation. 

Vaned Diffuser 

In a vaned diffuser, vanes are used to guide the flow so that he overall rate of 
diffusion is higher than in an annular diffuser. This leads to a smaller size, 
but higher production costs. The vaned diffuser has a higher efficiency but 
less mass flow range than the annular diffuser. This is due to stalling of the 
diffuser vanes for low mass flows. 

5.3 Energy Transfer 

5.3.1 Ideal Energy Transfer 

For turbomachines, applied torque equals the change in angular momentum 
of the fluid: 

(5.6) 

where Tc is the compressor torque, rl = %-' r2 = 1? and Cr)2 is the tangential 
component of the gas velocity C2 • Power delivered to the fluid is 

Wc WTc = wm(r2Cr)2 - rlCod 
(5.7) 

where llhoc,ideal is the specific enthalpy delivered to the fluid without taking 
account for losses. Equation (5.7) is known as Euler's pump equation. An 
alternative form of the Euler equation can be found by combining 

(5.8) 
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which is found from Figure 5.2 and Figure 5.3, with (5.7), which results in 

. 1 2 2 1 2 2 1 (2 2) We = 2m (C2 - CI ) + 2m(U2 - U1 ) + 2m WI - W2 • (5.9) 
___________ '---v---'" ., , 

E1 E2 E3 

According to Watson and Janota (1982) this formulation throws light on 
the nature of the energy transfer and the mechanism of pressure rise in the 
compressor. The term El represents the change in absolute kinetic energy 
occuring in the impeller. The term E2 represents the change of energy due 
to the movement of the rotating gas from one radius of rotation to another. 
This is the centrifugal energy which raises the static pressure in the impeller. 
The term E3 represents the change in kinetic energy due to the change of 
relative velocity, resulting in a further change of static pressure within the 
rotor. 

Following Watson and Janota (1982), the effect of the backsweep angle f32b 

on the energy transfer can be shown as follows. From Figure 5.3 it can be 
seen that 

C(J2 = U2 - Ca2 cot J32b. 

It now follows from (5.7) that 

Ah (Ca2 (3) 2 6. 2 u Oe,ideal = 1 - U 2 cot 2b U 2 = {teU2 , 

where {te is known as the energy transfer coefficient. 

1 

f32b < 900 

~------------------~ ~ 
U2 

Figure 5.4: Effect of f32b and %: on energy transfer. 

(5.10) 

(5.11) 

The energy transfer coefficient relates energy transfer to the energy achievable 
with a radial vaned impeller of the same diameter. For the ideal radial vaned 
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impeller, Me = 1. For a given value of (32b there is a linear relationship between 
Me and %;. This is shown in Figure 5.4. As can be seen, if backswept impeller 
blades, (32b < 900 , were considered, Llhoc,ideal would decrease with increasing 
m. This has the effect of enlarging the range of mass flows over which the 
compressor can operate without going into surge. This will be discussed in 
more depth in Section 5.4. 

For simplicity the following two assumptions are made: 

1. A radially vaned (no backsweep) impeller is considered with (32b = 900 , 

and 

2. There is no pre-whirl, that is Ql = 900 => COl = O. 

The assumption of no backsweep will be used in order to simplify the analysis, 
and (32b #- 900 can easily be taken into account. 

5.3.2 Slip 

For an ideal radially vaned impeller, the whirl or tangential component of 
the gas velocity leaving the impeller tip should equal U2 • However, due to 
the inertia of the gas between the impeller blades, the tangential gas velocity 
tends to be less than U2 . This effect is known as slip. The flow is deflected 
away from the direction of rotation of the impeller, which it leaves at an angle 
smaller than the vane angle as shown in Figure 5.5. 

Figure 5.5: Slip: Relative flow through impeller. 
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The slip factor is defined as 

(5.12) 

and is a positive number less than unity. The slip factor depends largely on 
the number of impeller blades, but also on the passage geometry, the impeller 
eye tip to exit diameter ratio and mass flow rate. There exist many approxi­
mations for the slip factor, the one appropriate to radial vaned impeller which 
seems to agree best with experiment is that due to Stanitz: 

0.631l' 2 
a ~ 1 - -,- ~ 1 - --:-, 

Z Z 
(5.13) 

where i is the number of impeller blades. Other expressions for the slip factor 
are 

1 6.2e! 
-~1+-.-
a z 

of Balje (1952), and the Stodola slip factor 

a ,....., 1 _ ~ sin i32b 
,....., . C ' 

z 1 - 7J:" cot i32b 

(5.14) 

(5.15) 

which also covers non radially vaned impellers. Ferguson (1963) concludes 
that the Stanitz slip factor agrees remarkably well with experiments for ra­
dially vaned impellers. 

From (5.7), and using (5.12), we have that the ideal specific enthalpy delivered 
to the fluid is 

We,ideal U2 
t1hOe ,ideal == m == a 2' (5.16) 

Notice that as a consequence of the choice III = i32b == 900 , we have that 
t1hOe ,ideal is independent of mass flow m, and ideally we would have the 
same energy transfer for all mass flows. However, due to various losses, the 
energy transfer will not be constant, and this will now be included in the 
analysis. 

According to Watson and Janota (1982), Ferguson (1963), Nisenfeld (1982) 
and other authors, the two major losses in centrifugal compressors, expressed 
as specific enthalpies, are: 

1. Incidence losses in impeller and diffuser, t1hii and t1hid 

2. Fluid friction losses in impeller and diffuser, t1hfi and t1h fd 

The incidence losses and fluid friction losses play an important role in deter­
mining the region of stable operation for the compressor. Other losses, such 
as back flow losses, clearance losses and losses in the volute will be taken into 
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account when computing the efficiency of the compressor. There also exist 
other losses such as inlet casing losses, mixing losses and leakage losses, but 
these will be ignored in the following. For a further treatment on this topic, 
some references are Balje (1952), Johnston and Dean (1966), Whitfield and 
Wallace (1975) and Cumpsty (1989). 

5.3.3 Compressor Torque 

Using the assumption of no pre whirl and equation (5.6), the compressor 
torque is 

T; = mr2C02 = mr2aU2, m > O. (5.17) 

The torque calculated in (5.17) is for forward flow. However, the compres­
sor may enter deep surge, that is reversal of flow, and there is need for an 
expression for the compressor torque at negative mass flow. According to 
Koff and Greitzer (1986), an axial compressor in reversed flow can be viewed 
as a throttling device. Here it is assumed that a centrifugal compressor in 
reversed flow can be approximated with a turbine. This allows for the use of 
Euler's turbine equation: 

Tc- = m(r1Co l - r2C(2) = -mr2aU2, m < O. (5.18) 

Combination of (5.17) and (5.18) gives 

Tc = Imlr2aU2, Tim (5.19) 

which is in accordance with the compressor torque used by Fink et ale (1992). 

Disc Friction Torque 

The torque set up by the rotation of the impeller in a fluid is modeled as 
rotation of a disc. When a disc is rotated in a fluid, a resistive torque is set 
up given by I T2 

Tdf = 2 Ttan27rr2dr, 
Tl 

(5.20) 

where rl is the radius of the shaft, r2 is the radius of the disc and Ttan 
is the tangential component of the shear stress between the disc and fluid. 
According to Ferguson (1963) the torque can be approximated by 

_ Cmpr~w2 _ 2Cmpr~ U2 
Tdf - 2 - D2 1 

1 
(5.21) 

where Cm is a torque coefficient depending on the disc Reynolds number and 
the space between the disc and the casing, p is the density of the fluid and 
w is the angular velocity of the disc. In (5.21) it has been assumed that 
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5.3.4 Incidence Losses 

The losses due to incidence onto the rotor and vaned diffuser play an im­
portant role in shaping the compressor characteristic. There exist several 
methods of modeling this loss, and a comparative study is given by Whitfield 
and Wallace (1973). The two most widely used approaches are: 

(1) The so called "NASA shock loss theory" 1 reported in Futral and Wasser­
bauer (1965), Whitfield and Wallace (1973) and Watson and Janota 
(1982), which is based upon the tangential component of kinetic en­
ergy being destroyed. 

(2) A constant pressure incidence model reported by Whitfield and Wallace 
(1973) where it is assumed that the flow just inside the blades has 
adapted to the blades via a constant pressure process. 

Watson and Janota (1982) conclude that for centrifugal compressors, the 
differences between the two models are small. According to Whitfield and 
Wallace (1973), the main difference lies in the prediction of the incidence 
angle at which zero loss occurs. For model (1) zero loss is predicted when the 
flow angle at the inlet equals the blade angle. This is not the case for model 
(2). Based on this, and the simplicity of (1), the NASA shock loss theory is 
used here. As Ferguson (1963) points out, the term shock loss is misleading 
as nothing akin to shock occurs in practice, but the simple notion of shock is 
used to explain the shape of the compressor characteristic. 

Depending on whether the mass flow is lower or higher than the design flow, 
positive or negative stall is said to occur. The use of model (2) leads to a 
loss varying with the square of the mass flow, symmetrical about the design 
flow. Ferguson (1963) states that the incidence loss in practice increase more 
rapidly with reduction of flow below design flow, than with increase of flow 
above the design flow. This leads to a steeper compressor characteristic below 
the design point than above. According to Sepulchre and Kokotovic (1996) 
and Wang and Krstic (1997b), such a characteristic is said to be right skew. 

Impeller 

The velocity of the incoming gas relative to the inducer is denoted WI. In off­
design operation there will be a mismatch between the fixed blade angle 131b 
and the direction of the gas stream 131 = 131 (U1, Cd, as shown in Figure 5.6. 
The angle of incidence is defined by 

(5.22) 

IThe name stems from the report Futral and Wasserbauer (1965), where the method 
was used for predicting the off-design performance of radial turbines. 
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Figure 5.6: Incidence angles at inducer. 

As the gas hits the inducer, its velocity instantaneously changes its direction 
to comply with the blade inlet angle (3lb. The direction is changed from (31 
to (3lb, and the kinetic energy associated with the tangential component WO l 

of the velocity is lost. That is, the incidence loss can be expressed as 

W;l 
Ilhii = -2-' (5.23) 

The incidence loss model in equation (5.23) is a simple one-dimensional 
model. According to Ferguson (1963), it approximates the loss owing to 
boundary-layer build-up for low angles of incidence and the increased losses 
resulting from flow separation at higher angles of incidence. Beyond a critical 
incidence angle the flow can no longer adhere to the suction side of the blade. 
Flow separation from the surface creates a stall condition subsequently en­
couraging reversal of flow (Watson and Janota 1982). From Figure 5.6 it is 
easily seen that 

(3 Ul - COl d' (3 Cal 
COS 1 = WI an sm 1 = WI . 

Furthermore, 

sin((3lb - (31) . 
WO l = . (3 WI = (cos (31 - cot (3lb sm (31) WI. 

sm lb 

Inserting (5.24) in (5.25) gives 

WO l = Ul - COl - cot (3lbCal. 

and the incidence loss (5.23) can be written 

1 2 1 ( cot (3lbm ) 2 
tlhii = - (UI - COl - cot (3lbCad = - UI - ----,~ 

2 2 POIA l 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

where the second equality if found using (5.2) and the assumption of no 
pre-whirl, (}:l = 900 • Similar results are presented in Chapter 5 in Ferguson 
(1963). 
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C(n 

Figure 5.7: Incidence angles at diffuser. 

Diffuser 

According to Watson and Janota (1982), the losses in the vaned diffuser 
can be modeled with friction/incidence losses in a similar manner as in the 
impeller. Similar to the inducer incidence loss, it is assumed that the velocity 
of the fluid entering the diffuser is instantaneously changed to comply with 
the fixed diffuser inlet angle 0!2b. The direction is changed from 0!2 to 0!2b, 

and the kinetic energy associated with the tangential component C2i of the 
velocity is lost, see Figure 5.7. That is, the incidence loss can be expressed 
as 

(5.28) 

Using Figure 5.7 it is seen that 

= (5.29) 

For simplicity the choice2 Cal = Ca2 is made. The diffuser inlet angle 0!2b, 

is now designed such that there is minimum incidence loss in both impeller 
and diffuser for the same mass flow m. For f3i = 0, we have that 

Ul = Cal cot f3lb => Ca2 = Ul tan f3lb. (5.30) 

2This is a design choice, and other choices will lead to different expression for the diffuser 
angle 0<2b 
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From Figure 5.7 and (5.30), it follows that 

C a2 UI tan /JIb 
tan D:2b = - = -----::-:-'--

C(n aU2 

and 

( DI tan /JIb) 
D:2b = atan a D2 ' 

and consequently the diffuser incidence loss (5.29) can be written 

f:1h id = ~ (aD2UI _ mcotD:2b)2 
2 Dl POIA1 

5.3.5 Frictional Losses 

Impeller 

According to Ferguson (1963) loss due to friction can be calculated as 

l Wlb 
f:1hfi = Ch D -2-' 

(5.31) 

(5.32) 

(5.33) 

(5.34) 

where Ch is the surface friction loss coefficient,3 l is the mean channel length 
and D is the mean hydraulic channel diameter. This friction loss is actually 
calculated for constant area pipes of circular cross-section. The friction loss 
coefficient Ch is defined as in Watson and Janota (1982): 

(5.35) 

where the friction factor f depends on the Reynolds number. Many different 
formulas for the friction factor have been published, see e.g. Ferguson (1963) 
or White (1986). Here we will use Blasius' formula: 

f = 0.3164(Re)-o.25. (5.36) 

According to White (1986), (5.36) was found empirically for turbulent flow in 
smooth pipes with Reynolds number Re below 100.000. The mean hydraulic 
channel diameter D is defined as 

D= 4A, 
a 

(5.37) 

where the cross-section area A and perimeter a are mean values for the pas­
sage. The mean hydraulic diameter D corresponds to a circle with area A 

3The friction loss considered here is due to friction in the impeller. According to Watson 
and Janota (1982) diffusion losses in the impeller are small compared to impeller friction 
losses, but they may be included in the analysis by choosing Ch to suit. 
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and perimeter a. Although the passages between the blades in the compres­
sor are neither circular nor of constant area, Balje (1952) reports of good 
agreement between theory and measurement using (5.36). 

Using Figure 5.6, it is seen that 

and using sin,81 = ~ we get 

W1b WI 
sin ,81 sin ,81 b ' 

C1 
W1b = -.--. 

sm ,81b 

Inserting (5.2) and (5.39) in (5.34) gives 

(5.38) 

(5.39) 

(5.40) 

As can be seen the friction losses are quadratic in mass flow and independent 
of wheel speed U. Equation (5.40) represents the loss due to friction of a 
mass flow m through a pipe of hydraulic diameter D. 

Diffuser 

The loss due to fluid friction in the diffuser can be modeled in a similar 
manner as in the impeller: 

(5.41 ) 

In the vaned diffuser a pipe friction loss is calculated for each diffuser passage. 

5.3.6 Efficiency 

The isentropic efficiency of the compressor is defined as, see e.g. Cumpsty 
(1989) or any other text on turbomachinery, 

. ( U) - 4lhOc ,ideal 
'T}, m, 1 - "h "h 

"-l Oc,ideal +"-l loss 
(5.42) 

where the 4lhloss-term is the sum of the friction and incidence losses from the 
previous sections. Furthermore, the efficiency will be corrected with losses 
in the volute and the additional losses arising from clearance and back-flow. 
The efficiency is also dependent on the ability of the diffuser to convert the 
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kinetic energy of the flow into pressure. Collection the various losses, the 
isentropic efficiency from equation (5.43) is adjusted to 

( ~hOc ideal A A 
'T/i m, Ud = ~h '~h - ~'T/bf - ~'T/c - U'T/v - U'T/d, 

Oc,ideal + 1088 

(5.43) 

where 
(5.44) 

The additional losses are discussed below. In Figure 5.8, the efficiency is 
plotted. In the upper plot, the compressor is equipped with a vaned diffuser 
and in the lower plot with an annular diffuser. As can be seen, the vaned 
diffuser offer a higher efficiency, but a narrower range of flow compared with 
the annular diffuser. 
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Figure 5.8: Efficiencies for compressor with vaned (upper plot) and annular 
(lower plot) diffuser. The compressor speed N is given in [rpm]. 

Clearance 

Cohen et al. (1996) state that owing to the action of the vanes in carrying 
the gas around with the impeller, there will be a slightly higher pressure on 
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the forward face of a vane than on the trailing face. The gas will tend to flow 
round the edges of the vanes in the clearance space between the impeller and 
the casing. Pampreen (1973) found that the clearance loss of a centrifugal 
compressor can be approximated by 

ld ( ) 6.'f/c = 0.3T , 5.45 

where ld is the axial clearance and b is the impeller tip width. As can be 
seen the clearance loss increases with with clearance. Other approximate 
expressions for this loss are reported by Cumpsty (1989). A shroud attached 
to the vanes would reduce the clearance loss, but at the same time it would 
introduce higher friction losses. Due to this, and increased manufacturing 
difficulties, shrouds are not used on impellers for gas turbines, but they have 
been used on turbo chargers, according to Cohen et al. (1996). 

Back-flow 

The back-flow loss occurs because the compressor has to reprocess the gas 
that has been reinjected into the impeller due to pressure gradients existing in 
the impeller tip region. Watson and Janota (1982) states that unfortunately, 
no theory or mathematical model exists to describe the backflow loss, which 
ideally should be treated as another aerodynamic design parameter. Due to 
the lack of accurate modeling of this loss, Watson and Janota (1982) suggest 
a loss of 3 points of efficiency as typical: 

6.'f/bf = 0.03. (5.46) 

Watson and Janota (1982) also reports of a result by Coppage et.al. (1956) 
who recommended the following expression for the back flow loss: 

A JC02D2U2 U'f/bf = 0.02 Cr2 f 2' (5.47) 

where D f is a diffusion factor. 

Volute 

In the volute, a loss will take place mainly due to the inability of the volute 
to use the radial kinetic energy out of the diffuser. Cumpsty (1989) assumes 
this loss to lie within 2-5 point of efficiency: 

0.02 ~ 6.'f/v ~ 0.05. (5.48) 

This loss is likely to be higher for compressor with a vaned diffuser than with 
an annular diffuser, as a larger part of the total kinetic energy at the outlet of 
the vaned diffuser is in the radial direction. A more comprehensive treatment 
of loss in volutes can be found in Lorett and Gopalakrishnan (1986). 
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Diffusion 

The purpose of the diffuser is to decelerate the flow with high kinetic energy, 
and thus convert this into pressure. This can be achieved more or less efficient 
depending on the construction of the diffuser. Due to inadequate diffusion 
in the diffuser, there will be a degradation f:1'T/d in the efficiency 'T/i. The 
efficiency drop f:1'T/d is dependent on the pressure recovery coefficient, see 
e.g. Cumpsty (1989) or Watson and Janota (1982), but for simplicity f:1'T/d 
will be considered constant here. According to Watson and Janota (1982), 
vaned diffusers offer a 2 to 7 points increase in efficiency compared to annular 
diffusers. 

5.4 Energy Transfer and Pressure Rise 

Including the losses, the total specific energy transfer can be calculated by 
subtracting (5.40), (5.27), (5.33) and (5.41) from (5.16): 

(5.49) 

f:1hoc is a second degree polynomial in m, and as opposed to the ideal case, 
we see that energy transfer to the fluid is varying with mass flow m. This is 
shown in Figure 5.9. 

To find an expression for the pressure rise we now need a relation between 
pressure rise and energy transfer. For forward flow, the pressure rise is mod­
eled as 

( 'T/i(m, Udf:1hoc ideal) "~1 () 
P2 = 1 + T. ' POl = "Ill c U1 , m POl V m > 0, 

01 Cp 
(5.50) 

where the losses have been taken into account, and "IlI c(U1 ,m) is the com­
pressor characteristic. It is shown in Appendix C how to arrive at (5.50). 

Remark 5.1 A somewhat different approach is taken by Cohen et al. (1996) 
in order to include the losses in the compressor stage into the equation for the 
pressure rise. By introducing the power input factor 1/Jp, the pressure ratio 
can be written _ (1 + 1/Jp'T/cf:1hoc'ideal) "~1 

P2 - rrt POl, 
.L 01 cp 

(5.51) 

where, as in (5.50), f:1hOc ,ideal = (J'U?' The power input factor is a num­
ber greater than unity, and represents an increase in work input needed to 
overcome the losses. Cohen et al. (1996) emphasize that the power input fac­
tor 1/Jp and the slip factor (J' are neither independent of one another nor of 
the overall isentropic efficiency 'T/c. The power input factor will not be used 
further in this text. 



5.4 Energy Transfer and Pressure Rise 161 

In order to model the compressor pressure rise for negative mass flow (deep 
surge), it is assumed that the pressure rise is proportional to the square of 
the mass flow for m < 0, that is, 

, m::; 0, 

m>O 
(5.52) 

where the choice 

(5.53) 

of the shut off value "peO ensures that \II e(Ul , m) is continuous in m. According 
to Willems (1996) and Day (1994), the back-flow characteristic defines the 
resistance which the rotating blades offer to flow in reversed direction. Day 
(1994) states that, in reversed flow the compressor can be regarded as a 
throttling device with a positive pressure bias. Compressor characteristics 
for negative flow are shown in Figure 5.12 and Figure 5.14. 

A quadratic characteristic for reversed flow is also proposed by Hansen et al. 
(1981) for centrifugal compressors, and by Mansoux et al. (1994), Willems 
(1996) and Day (1994) for axial compressors. It is widely accepted in the 
literature (see e.g. Greitzer (1981)) that the compressor characteristic has a 
negative slope for negative mass flow. This slope depends on the choice of 
the constant Cn. 

We now have an expression for the pressure P2 needed in the model (5.1). 
Notice that for each speed N, both the pressure rise (5.50) and the efficiency 
(5.43) reach maximum for the same value of mass flow m. Thus, the max­
imum efficiency is reached on the surge line, stressing the need for active 
control in order to be able to operate safely in the neighborhood of the surge 
line. The inlet stagnation temperature TOl , specific heat capacity cp and K­

are assumed constant. The ideal energy transfer and the losses are shown 
for a compressor with annular diffuser in Figure 5.9. In the case of vaned 
diffuser, the curves look similar, but with a steeper slope due to the incidence 
losses at the diffuser. The curves are calculated for a compressor speed of 
N = 35, OOOrpm. 

As mentioned in Section 5.3.1, backswept impeller blades will have an effect 
on the stability of the compressor. This can be seen from Figure 5.4 and 
Figure 5.9. Backsweep will imply that Llhoe.ideal would decrease for increas­
ing values of mass flow, and thus shifting the maximum of Llhoe as shown in 
Figure 5.9 to the right, effectively shifting the surge line towards lower mass 
flows. Consequently, the compressor can process a lower mass flow without 
going into surge. 
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Figure 5.9: Energy transfer for N = 35, 000 rpm. 

The compressor pressure characteristic as calculated from equation (5.50) is 
showed in Figure 5.10. 

In Figures 5.9 and 5.10 the numerical values for the compressor parameters is 
taken from Fink et al. (1992). Comparing the compressor map in Figure 5.10 
with Figure 3 in Fink et al. (1992), which is based on physical measurements, 
we see that they are almost similar. 

The surge line is the line in the compressor map that divides the map into 
an area of stable compressor operation and unstable (surge) operation. The 
line passes through the local maxima of the constant speed lines in the map, 
and is drawn with a solid line in figure 5.12. 

5.5 Choking 

When the flow reaches sonic velocity at some cross-section of the compression 
system, the flow chokes. Assuming isentropic flow, Dixon (1978) calculated 
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Figure 5.10: Centrifugal compressor characteristic. The left plot is for an 
annular diffuser, and the right for a vaned diffuser. The dashed lines to the 
right are choke lines, also known as stone walls. 

the choking flow for the components most likely to choke in centrifugal com­
pressors, the impeller eye (the inducer) and at the entry of the diffuser. 

The effect of choking can be seen in Figure 5.10, where a choke line, also 
known as a stone wall, has been drawn. In this text, the effect of choking 
is treated in a approximate manner. Due to sonic effects, the pressure rise 
would fall off more gradually when approaching the stone wall than shown 
in Figure 5.10. Dixon (1978) showed that the mass flows for which choking 
occurs are: 

• Choking in impeller 

(5.54) 

where 
POl ~ 

POl = RTol and aOl = V ",RTol (5.55) 
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is the inlet stagnation density and inlet stagnation sonic velocity, re­
spectively. It is seen than the choking mass flow is dependent on blade 
speed U1 • Thus the impeller can accept a greater limiting mass flow 
rate at higher rotational speeds. By inserting U1 = 0 in (5.54) the 
expression for choked flow through a nozzle is found. This is shown in 
Appendix C. 

• Choking in the diffuser entry 

_ 1 + (K - l)l1imp(1 (~r ( 2 ) itl<~\) 
m choke(U2 ) - A4 POlaOl 2 K + 1 ' 

l+(K-l)(1(~) 
(5.56) 

where A4 is the flow area of the diffuser entry, and 'llimp is the impeller 
efficiency. 

5.6 Dynamic Model 

To complete the dynamic model (5.1), an expression for the throttle mass 
flow is needed. The mass flow mt through the throttle is modeled as 

(5.57) 

where k t is the throttle gain proportional to throttle opening and Pp is the 
plenum pressure. The momentum balance of the spool is 

1w = Tt - Tc· (5.58) 

Using (5.3) it is seen that 

2U1 . 2(ft 
w = Dl => W = Dl ' (5.59) 

and thus we get a differential equation for U1 , 

. Dl 
U1 = 21 (Tt -Tc). (5.60) 

The drive torque Tt may be delivered by a turbine, and will be used as a 
control variable for speed control. The compressor and spool can only rotate 
in one direction, and the speed is assumed upper bounded: 

(5.61) 

Assumption (5.61) is a technicality needed in the stability proof, and is not 
crucial to the derivation of the model. Using (5.19) and (5.60), and inserting 
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equations (5.50) and (5.57) in (5.1), we get the following dynamic model for 
the compression system: 

2 

Pp aOI ) = v.-(m - ktVPP - Pol 
p 

rh = ::! ( (1 + ~j(m, U,)Ah",;4,.' ) .'. _ ) (5.62) L 1: POI Pp 
OICp 

ih DI 
= 2I (Tt - Tc). 

It is worth noticing that a time varying U is equivalent with a time varying B­
parameter (Fink et al. 1992). Greitzer's B-parameter, as defined in Greitzer 

(1976a), is given by B = 2U1 JAvPL ,where Vp is the plenum volume and Lc 
aOl 1 c 

is the length ofthe compressor and duct. Using (5.60), a nonlinear differential 
equation for B can be found. 

5.7 Surge Control Idea 

The reason for equilibria to the left of the surge line being unstable, and caus­
ing the compressor to go into surge, is the positive slope of the characteristic 
in this area. From Figure 5.9 it is seen that the positive slope is due to the 
incidence losses at low mass flows. From the expression for the incidence 
loss, equation (5.27), it is clear that a variable blade angle i3lb would make 
it possible to minimize the incidence losses over a range of mass flows. Thus 
variable inducer blades might be used as a means of surge stabilization. 

On the other hand, the maximum energy transfer and minimum incidence 
loss do not occur for the same mass flow. This is due to the friction losses. 
The friction shifts the point of maximum energy transfer, and consequently 
pressure rise, to the left of the point of minimum incidence loss. From this, 
we conclude that the friction losses in fact have a stabilizing effect, and 
introducing additional fluid friction would move the point of maximum energy 
transfer to the left. The result of this is that the surge line will be shifted to 
the left, and the area of stable compressor operation is expanded. 

This motivates us to introduce a valve in series with compressor. The valve 
will introduce a pressure drop into the system, and the characteristic of the 
valve will have the same qualitative impact on the equivalent compressor 
characteristic as introducing more fluid friction. The pressure drop over 
this valve will serve as the control variable, and it will be used to introduce 
additional friction at low mass flows in order to avoid surge. The use of a 
close coupled valve for constant speed centrifugal compressor surge control 
was studied by Dussourd et al. (1977), Jungowski et al. (1996) and Pinsley 
et al. (1991). 
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5.8 Controller Design and Stability Analysis 

The equivalent compressor characteristic for compressor and close coupled 
valve is defined as 

where wV(m)Pol is the pressure drop across the CCV and 

wc(m,Ud = (1 + 1]i(m,U~~~oc'ideal) "~1 

(5.63) 

(5.64) 

Assume Po, mo to be the equilibrium values of pressure and mass flow as 
dictated by the intersection of the throttle and compressor characteristics, 
and Ud to be the desired spool speed. Define the following error variables 

P = Pp - Po, m = m - mo, U = U1 - Ud • (5.65) 

The equations of motion (5.62) are now transformed so that the origin be­
comes the equilibrium under study. Notice that no assumptions are made 
about the numeric values of mo and Po, so that the equilibrium can be on 
either side of the surge line. The equilibrium values are calculated using the 
same method as described in Section 2.3.2. Define 

mt(p) 
~c(m, U) 
~v(m, U) 

= mt(p + Po) - mo 

Wc(m + mo, U + Ud ) - Po 
wv(m + mo, U + Ud) - Po 

(5.66) 

(5.67) 

(5.68) 

By including the CCV (5.63), and using (5.66)-(5.68), the model (5.62) can 
be written in the form 

2 

~ (m - mt(p)) 
p 

1 ((~c(m,U)-~v(m))pOI-P) (5.69) 

UA Dl (A A ) 
1 = 21 Tt - Tc 

where a hat denotes transformation to the new coordinates (5.65), and 

(5.70) 

is the equilibrium. The expressions for the characteristics mt(p), ~c(m, U) 
and ~v(m) are found in a similar manner as in Chapter 2. From (5.19) it is 
known that 

(5.71) 
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As in Nicklasson (1996), a scaled hyperbolic tangent function will be used 
to mimic the signum function in the analysis in order to avoid additional 
difficulties regarding continuity: 

D~(J m 
Tc = 2D1 tanh( -Z )mU1, (5.72) 

where c; > 0 is a sufficiently large constant. The torque Tc is defined as 

and calculated as 

D2(J m A 

Tc = 2~1 tanh( -Z)(m + mo)(U + Ud) 

By choosing 

~~: tanh( 7 )(m + mo)(mU + mUd + moU) 
, " v 

Tc 

D~(J m 
+ 2D1 tanh( -Z )mOUd . 

, , 
v 

the last equation in (5.69) follows from the last equation in (5.62). 

Theorem 5.1 The surge control law 

and the speed PI control law 

Tt -kpU - kJ, 
j U, 

where 

(5.73) 

(5.74) 

(5.75) 

(5.76) 

(5.77) 

kp > 0, ki > 0 and k. > ~~d o-p,,:,U) } +", (5.78) 

and 81 > 0, makes the origin of (5.69) semi-global exponentially stable. 0 

Proof: 
Define 

(5.79) 



168 Modelling and Control of Surge for a Centrifugal... 

where A > 0 and ki > 0 are design parameters. Consider the following 
Lyapunov function candidate 

" 1 
V([1, m, U, f) = 2 (Vp + Vm + V.pooz) , (5.80) 

where 

Vp = 2Vp [12, Vm = A L m2 and V.pool = z T Pz. (5.81) 
a01 P01 1P01 

As all coefficients in (5.80) are constant it follows that V is positive definite 
and radially unbounded, provided that A is chosen such that P > 0, that is 

, J2fki 
A < D 1 . (5.82) 

Calculating the time derivative of (5.80) along the solutions of (5.69) and 
accounting for (5.77) gives 

(5.83) 

The last term in (5.83) can be upper bounded as 

- A~;(7 (tanh(~)mU + mou) i 

AD~(7 (Urn (m2 '2) , ') < ---:u- ""2 -;;; + 1/1f + moUf (5.84) 

using (5.19), (5.61) and Young's inequality. The parameter 1/1 > 0 can be 
chosen freely. The UTe-term can be upper bounded as 

D~(7 m ( A ) A 

-UTe - 2D1 tanh( ~) (m + mo)U + mUd U 

< _ D~(7 tanh(m)mU2 + D~(7 (m2 + 1/2 (UdU)2) . (5.85) 
2D1 \ 4D1 1/2 

Now, (5.83) can be upper bounded as 

(
A A A ) POl D~(7 m A 2 V < m We(m,U)-wv(m) --2D tanh(-)mU 

POl 1 \ 

( (7AD~Urn D~(7) A2 1 AA (A) TR + 8f + -4D m - -pmt P - z Z, 
1/1 11/2 POl 

(5.86) 
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where 

( 
k -.A _ D~UUJIJ2 

R _ P 4DI - ~ (D k _ UD;mo ) 
41 1 P 2 

(5.87) 

Demanding R> 0 gives the following conditions on kp, TIl and .A 

(5.88) 

(5.89) 

and 
(5.90) 

where 

(5.91) 

and 
( k - D~UUJIJ2) (k.D _ UD 2U",IJI) 

p 4DI ,1 4 
.A2 = .2' k.D - UD2U",!/1 + .l (D k _ uD2 m O) 

,1 4 81 1 P 2 

(5.92) 

It is assumed that mt satisfies the sector condition 

(5.93) 

that is, the throttle is assumed passive as in Simon and Valavani (1991). As 
frrhtCjJ) is of order ~ in p, (5.93) does not hold globally. However, for a given 
Pmax such that 

Ip(t)1 :s Pmax V t > 0 (5.94) 

it will always be possible to chose 82 small enough for (5.93) to hold for 
Ip(t)1 :s Pmax· This is the same assumption as made in Assumption 3.1. 
Now, the CCV pressure drop wv(m) is to be chosen such that for the first 
term in (5.86), the condition 

(5.95) 

is satisfied. Since EQ!. > 0, sufficient conditions for (5.95) to hold is 
POI 

(5.96) 

and 

( 5.97) 
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It can be recognized that 

~c(O,u) wc(mO,Ud) -wc(mo,Ud) = 0, (5.9B) 
~v(m) = kvm => ~v(O) = 0, (5.99) 

and thus (5.96) is satisfied. From (5.97), we get 

(5.100) 

and it follows that choosing kv according to 

(5.101) 

guarantees that (5.97), and thereby (5.95) being satisfied. Moreover, if kv is 
chosen as 

{ a~c(m,u) } 
kv > ~~~ am + 151 , 

(5.102) 

where 151 > 0, we get mWv(m) > 151m2, and (5.95) is modified to 

-m (~c(m, u) - ~v(m)) POI> POl 151m2 vU. 
POl POl 

(5.103) 

Consequently, V can now be upper bounded as 

V < - (POl 151 _ lTAD~Um _ D~lT ) m2 _ t52p2 _ !ZT Rz V m,p, z 
- POl B1'T/1 4D1'T/2 2 

(5.104) 
We now set out to compare the coefficients of V and V. The cross terms in 
U and j are upper bounded using Young's inequality, 

Auf (5.105) 

(5.106) 

where 'T/3 > 0 and 'T/4 > 0 are constants that can be chosen freely. Using 
(5.105) and (5.106) and comparing the coefficients in (5.BO) and (5.104), it 
can be recognized that if the following inequalities are satisfied for some 
constant tv > 0: 

151 _ lTAD~UmP01 
BI'T/1P01 

L > tv-­
Ap01 

(5.107) 
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(5.108) 

(5.109) 

(5.110) 

the following holds 

v ~ -roY ::} V(t) ~ V(O)e-wt . (5.111) 

If 'fJ1 is chosen according to (5.89), and 81 is chosen according to 

J; 0')"D~UmP01 D~O'P01 
U1> I + 4D ' 8 'fJ1P01 1'fJ2POl 

(5.112) 

and kv is chosen so that kv > sUPU,m { a>pcJ;;:,iJ) } + 81 , and)" is chosen ac­

cording to (5.82) and (5.90), then the inequalities (5.107)-(5.110) are satisfied 
for some ro > O. By (5.111) the origin of (5.69) is exponentially stable. Due 
to assumption (5.94), the stability result holds whenever Ip(O)1 ~ Pmaz, and 
thus the origin is semi globally exponentially stable. 0 

Notice that the parameter ro can be used to calculate a lower bound on 
the convergence rate of the system. 

Providing the parameters ki and)" with appropriate units, V is a energy-like 
function of unit [J]. The term 

(5.113) 

is recognized as the kinetic energy, expressed in the new coordinates, of the 
rotating spool. 

Desired compressor speed Ud can now be achieved regardless of the equilib­
rium is located to the right or to the left of the original surge line. The integral 
term in (5.77) is added in order to robustify the controller with respect to 
unmodeled disturbance torques. 

5.9 Simulations 

The two cases of unstable centrifugal compressors with annular and vaned 
diffuser are now simulated with and without surge control. 
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Annular Diffuser 

First, we consider a compressor fitted with an annular diffuser. In Figure 5.11 
the response (solid lines) of the compression system during surge is shown. 
The set point for compressor speed was Ud = 150m/s => N ~ 50.000rpm 
and the speed control law (5.77) parameters were set to kp = 0.1 and ki = 
0.07. The throttle gain was set to kt = 0.0003 which gives an unstable 
equilibrium to the left of the surge line. Notice the oscillation in speed U1 • 

These variations in spool speed during surge was first described by Eveker 
and Nett (1991) for an axial compressor. This simulation is also shown in 
Figure 5.12, where the pressure rise has been plotted versus the mass flow 
in the compressor characteristic. As can be seen, the compressor undergoes 
severe (deep) surge oscillations, and the compressor speed oscillates around 
the desired value. 
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Figure 5.11: Transient response of centrifugal compression system with an­
nular diffuser. Without surge control, the compressor goes into surge, shown 
with solid lines. The system response with the surge controller is shown with 
dashed lines. 

Now, the surge controller (5.76) is used with kv = 0.5. The speed set point, 
speed controller parameters and throttle gain are left unchanged. The results 
are shown in Figure 5.11 using dashed lines. The desired speed is reached and 
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Figure 5.12: (m(t),p(t)/pod-trajectories plotted together with the compressor 
characteristic. N is the compressor speed in rpm. In the case of no surge 
control, the surge cycle is clearly visible, but with surge control the state 
converges to the intersection of the throttle and the compressor characteristic. 

the surge oscillations are eliminated. As previously mentioned there is a loss 
associated with the CCV control approach. The pressure drop over the valve 
is shown in the lower right corner of Figure 5.11. At equilibrium the pressure 
drop for this particular case is approximately 5kPa. Compared to the pressure 
rise over the compressor at this equilibrium, well over 200kPa, this seems little 
when taken into account that the compressor now is operating in an area of 
the compressor map previously not possible. The CCV loss is dependent on 
the controller gain kv. In this simulation the gain was set to kv = 0.5 to 
dominate the maximum positive slope of the compressor characteristic. The 
resulting trajectory of this simulation in also plotted in Figure 5.12. As can 
be seen the equilibrium is located somewhat below the intersection of the 
throttle line and the N = 50,000 line of the compressor characteristic. This 
is due to the pressure drop over the CCV. 
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Vaned Diffuser 

Now, the case of a compressor with vaned diffuser is simulated. The response 
of the compression system with speed control only is shown in Figure 5.13 
(solid lines). The speed control parameters were set to kp = 0.1 and ki = 
0.07, and the throttle gain was set at kr = 0.00075. As the vaned diffuser 
gives a steeper and more narrow characteristic, the amplitude of the pressure 
oscillations is larger than for the annular diffuser. This is also the case for 
the speed and mass flow oscillations. 

When the surge control is in use, we get the response plotted with dashed 
lines in Figure 5.13, and as can be seen the oscillations are avoided at the cost 
of a pressure loss over the CCV. Since the positive slope of the compressor 
characteristic is larger in this case compared to the annular diffuser, this 
pressure drop is also larger. However, a pressure drop of 35kPa over the 
valve is still less than the pressure rise of 180kPa over the compressor. 
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Figure 5.13: Transient response of centrifugal compression system with vaned 
diffuser. Without surge control, the compressor goes into surge. This is 
plotted with a solid line. The dashed lines is the system response when the 
CCV surge controller is in use. 

The result of this simulation is also shown in Figure 5.14, where mass flow 
versus pressure rise is plotted together with the compressor characteristic. 
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The response of the system with CCV control is also shown. This is plotted 
with a thick solid line. The stabilization is clearly illustrated. The equivalent 
characteristic is not plotted, but the stabilized trajectory approaches the 
intersection of the throttle line and the N = 50.000 line of the equivalent 
characteristic. Due to the higher CCV gain kv in the case of vaned diffuser 
than in the case of annular diffuser, the difference between We and We is 
greater in this case. 

By comparing the in-surge response of the two cases, it is seen that the 
frequency of the surge oscillations is lower for the vaned diffuser (3Hz), than 
for the annular diffuser (7Hz). This is in accordance with Greitzer (1981) 
and Willems (1996) where it is shown that the surge frequency depends on 
the slope of the compressor characteristic in such a way that a steeper slope 
leads to lower frequency, and a less steep slope leads to higher frequency. 
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Figure 5.14: (m(t),p(t)/pot}-trajectories plotted together with the compressor 
characteristic. N is the compressor speed in rpm. In the case of no surge 
control, the surge cycle is clearly visible, but with surge control the state 
converges to the intersection of the throttle and the compressor characteristic. 



176 Modelling and Control of Surge for a Centrifugal... 

5.10 Conclusion 

In this Chapter, a dynamic model of a centrifugal compression system with 
non-constant compressor speed was presented. The compressor characteristic 
was derived by calculating the energy transfer and losses in the components of 
the compressor. Incidence and friction losses in the impeller and the diffuser 
were considered in addition to other losses. Both vaned and annular diffusers 
were considered. 

Control laws for surge and speed of the centrifugal compression system were 
developed. A close coupled valve was chosen as an actuator for the control of 
surge. Using Lyapunov's method, the systems equilibrium was showed to be 
semi-global exponentially stable. Through simulations it was confirmed that 
the compressor can operate stably and reach desired speed in the previous 
unstable area to the right of the surge line in the compressor map. 

From a surge control point of view, the main difference between the annular 
and vaned diffusers are the steeper slope of the compressor characteristic 
when a vaned diffuser is used. A consequence of this is that if a close coupled 
valve is used to control surge, a greater pressure drop must be accepted over 
the valve in the case of a vaned diffuser than in the case of an annular diffuser. 



CHAPTER 6 

CONCLUDING REMARKS AND 
FURTHER RESEARCH 

6.1 Conclusions 

In this text, modeling and control of surge and rotating stall in axial and 
centrifugal compressors have been studied. 

First, surge and stall controllers for a close coupled valve in series with a 
compressor were developed. Using backstepping, a surge control law for the 
close coupled valve was derived. Global asymptotic stability was proven. A 
more complicated surge control law was derived for the case of both pressure 
disturbances and mass flow disturbances. Global uniform bounded ness and 
convergence was proven. In order to stabilize the compression system in the 
presence of constant disturbances, or biases, in mass flow and pressure, an 
adaptive version of the surge controller was derived. This controller ensures 
global asymptotic stability. Then, controllers for rotating stall were con­
sidered. The close coupled valve was incooperated into the Moore-Greitzer 
model, and controllers were derived that enables stabilization of rotating 
stall beyond the surge line. Without disturbances, an asymptotically stable 
equilibrium is ensured, and in the presence of pressure disturbances uniform 
boundedness was proven. 

Then, the passivity properties of the Greitzer model was used to derive a surge 
control law for a close coupled valve. This resulted in a simple proportional 
control law, that was capable of stabilizing the compression system in the 
presence of both mass flow disturbances as well as pressure disturbances. 

A multi mode Moore-Greitzer axial compressor model with spool dynam-

J. T. Gravdahl et al., Compressor  Surge  and Rotating  Stall
© Springer-Verlag London Limited 1999
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ics was derived. This resulted in a model with time varying B-parameter. 
Through simulations it was shown that the model was capable of represent­
ing both rotating stall and surge, and that the type of instability depended 
on the compressor speed. In the original Moore Greitzer model only the first 
mode of rotating stall is included. The simulations in this chapter show that 
during stall inception, higher order modes can dominate the first mode. This 
is in accordance with known results, and is shown here to be valid also for 
variable speed compressors. 

A dynamic model of a centrifugal compression system with non-constant 
compressor speed was presented. The compressor characteristic was derived 
by calculating the energy transfer and losses in the components of the com­
pressor. Incidence and friction losses in the impeller and the diffuser were 
considered in addition to other losses. Both vaned and annular diffusers were 
studied. Control laws for surge and speed of the centrifugal compression sys­
tem were developed. A close coupled valve was chosen as an actuator for 
the control of surge. Using Lyapunov's method, the systems equilibrium was 
showed to be semi-global exponentially stable. Through simulations it was 
confirmed that the compressor can operate stable and reach desired speed in 
the previous unstable area to the right of the surge line in the compressor 
map. 

6.2 Further research 

6.2.1 Mass flow measurements 

The surge and stall controllers presented in this text all depend on sensing 
of mass flow. This sensing requirement has been regarded troublesome by 
several authors. According to Krstic and Wang (1998) measurement of the 
mass flow, in connection to stall control of jet engines, represents a challenge, 
but it is not expected to be insurmountable. 

According to Hendricks and Gysling (1994) axial velocity is readily measured 
in low-speed flows using hot wire anemometers, but these sensors are not 
practical in high speed turbomachinery. Here, velocity could be synthesized 
from total and static pressure measurements. 

This method is actually used by Badmus et al. (1996), where a surge controller 
is based on the measurement the nondimensionalized dynamic inlet pressure: 

_ Pd 
Pd = pU2 • (6.1) 

As the dynamic pressure is given by 

_ pC; 
Pd - -2-' (6.2) 
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it follows that 

(6.3) 

and finally 
1 2 1 2rP = pU2 (Ptotal - Pstatic) . (6.4) 

Following Botros and Henderson (1994), flow measurements in centrifugal 
compression systems often pose serious problems for anti-surge control. The 
signals are generally noisy, inaccurate, and in some cases, nonlinear and non­
repeatable. Furthermore, generally the flow measurement elements constitute 
a pressure loss element and hence a waste of energy. 

Due to the difficulties connected to mass flow measurement, a topic for fur­
ther research is design of stall and surge controllers based on feedback from 
pressure. 

CCV control 

There are several topics for further research in connection with CCV control. 
Some of these include 

• As formulated in this text, the control laws influence the equilibrium 
point. This is a consequence of the controller being designed and ana­
lyzed in a shifted coordinate system. Current work is aimed at avoiding 
this. 

• There is a pressure drop penalty connected to the CCV approach. It is 
desirable to minimize this pressure drop, and a preliminary investiga­
tion shows that much less pressure drop that dictated by the stability 
analysis can be used. The drawback of this, it seems, is that the sta­
bility results become local as opposed to global. 

• It is of interest to study disturbances also in the j-equation, not only 
in mass flow and pressure. 

• As the CCV only can introduce a pressure drop, and is not able to 
increase pressure, it would be of interest to investigate CCV-control 
along the lines of one-sided control as discussed by Willems and de Jager 
(1998a). 
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APPENDIX A 

STABILITY OF THE GREITZER MODEL 

When linearizing (1.9) around the equilibrium defined by the intersection 
of the throttle characteristic WT and the compressor characteristic W c, the 
following model is found 

(A.l) 

where ac = hfJ~ I and aT = fJfJw.ll The eigenvalues of A are found to be eq. w eq. 

_ (_1 _ Ba ) ± 1(_1 _ Ba )2 - 4 (1 _ ~) 
BaT c V BaT c aT 

A= ------------~---------------------
2 

(A.2) 

The stability properties of the equilibrium will depend on the relative mag­
nitude of the terms B, aT and ac . In Figure A.l it is illustrated how the 
stability properties of the system vary with the terms 

and 

n ~ (1- :;). 
Greitzer (1980) use Ta to determine dynamic stability, and n to determine 
static stability. As can be seen, Tb will be negative if the slope of the com­
pressor characteristic is greater than the slope of the throttle characteristic. 
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Figure A.l: Stability of the linearized Greitzer model 

In Figure A.l, it is seen that if Tb < 0, the system have one eigenvalue in the 
left half-plane and one eigenvalue in the right half plane, and the equilibrium 
is thus a saddle-point, which is unstable. This kind of instability is named 
static by Greitzer (1980). On the other hand, if Tb > ° and Ta < 0, the 
equilibrium can be one of two types, dependent on the numerical value of 
B. In this case, if T; < 4Ta the equilibrium will be an unstable focus, and 
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if T; > 4Ta , the equilibrium will be an unstable node. The unstable focus 
is termed a dynamic instability and the unstable node a static instability 
by Greitzer (1980). According to Greitzer (1980), the instability will be 
dynamic (focus) provided that Ta < 0 and n > o. As shown above, this 
is not entirely correct. Also seen in Figure A.l is that if both Ta > 0 and 
Tb > 0, the equilibrium will be stable. Dependent on B, the equilibrium will 
be either a stable focus or a stable node. 
It is to be emphasized that whether or not the instability is dynamic or static, 
the nonlinear system (1.9) will go into surge oscillations. 



APPENDIXB 

NOMENCLATURE 

The nomenclature presented here mainly covers the symbols used in Chapter 
2,3,4 and 5. In Chapter 1, the notation and many of the symbols used are 
taken from the reviewed literature. 

Table B.1: Acronyms 

CCV Close Coupled Valve 
CLF Control Lyapunov Function 
IGV Inlet Guide vanes 
ODE Ordinary Differential Equation 
PDE Partial Differential Equation 
PDF Positive Definite Function 
GAS Globally Asymptotically Stable 
GES Globally Exponentially Stable 
MG Moore-Greitzer 

o 
c 
d 
x,a 
P 
'f/,(),~ 

Table B.2: Subscripts 

Equilibrium value 
Compressor 
Disturbance or desired value 
Axial 
Plenum 
Partial derivative with respect to 'f/, () or ~ 
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(. ) 
a 

ax 
(-)-1 

(-) 
11·1100 

1·1 
(.)T 
v 
:3 
R 
R+ 
Rn 

V' 
/C 

o 

fr(t) 

L2e 
9 
{U'Y)T 
lIull} 
sgn(·) 
tanh(·) 
sup(·) 

Table B.3: Mathematical symbols 

Total time derivative, 1t or ~ 
Partial derivative with respect to variable x 
Inverse operator 

Nomenclature 

Deviation from equilibrium, transformed coordinates 
The Loo-norm of the function 
1 : R+ -+ R is defined as 11/1100 = SUPt>o I/(t)1 
Magnitude of vector -
Transpose operator 
For all 
Exists 
Real numbers 
Nonnegative real numbers {x E R : x 2:: O} 
Linear space of n-tuples in R 
Divergence operator. V'. f(X1, X2, ... ) = fJ.h..aa 1 + !!h.aa 2 + ... 

Xl X2 

Class of functions. A function 1 : [0, a) -+ R+ is said to 
belong to class /C if it is strictly increasing and 1(0) = O. 
Class offunctions. A function 1 : [0, a) -+ R+ is said 
to belong to class /Coo if it belongs to class /C, 
a = 00 and I(r) -+ 00 as r -+ 00. 

The function log is the composition of 
the functions 1 and 9 
Mapping 
Space of square integrable functions. 1 : R+ -+ R 
belongs to L2 iff Jooo I/(t)j2dt < 00 

The truncation of 1 to [0, T]. 
f (t) = { 1 (t) , 0 ~ t < T 
TO, t2::T 

The extension of L2. 1 E L2e iff fr E L2 
Input-output mapping 

Inner product on L2e. {u, yh = JoT u(t)y(t)dt 
Truncated norm. lIull} = {u, u)T 
Signum function 
Hyperbolic tangent 
Supremum, lower upper bound 
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Table B.4: Latin Uppercase symbols 

Ac Flow area 
AcI Closed loop Jacobian 
Al Reference flow area. Area of impeller eye. 
An Amplitude of mode number n of rotating stall 
Az(z, d) Nonlinear part of error dynamics 
A Area of attraction 
B Greitzer B-parameter 
C1J1,C1J2 Tangential fluid velocity at the rotor entrance 

and exit 
Cx, Cal, Ca2 Axial fluid velocity 
C1 Fluid velocity at inducer 
C2 Fluid velocity at diffuser entry 
Ch Surface friction loss coefficient 
C2, C3 , C4 Functions used to calculate upper bound on C3 

in the proof of Theorem 2.5 

k1' G, ~ Functions used to calculate lower bound on C3 

in the proof of Theorem 2.5 
D Hydraulic diameter 
D1,T1 Average inducer diameter and radius 
D2,T2 Diameter and radius at impeller tip 
Dtl Diameter at inducer tip 
Dhl Diameter at impeller hub casing 
F(¢) Pressure rise coefficient in blade passage 
G1(¢),G2(¢) Functions used in the proof of Theorem 2.5 
~h,g2 Input-output mappings 
H Compressor characteristic semi height 
I Spool and rotor moment of inertia 
j Integral of (; 
J Squared amplitude of rotating stall 
Ji Mode i of squared amplitude of rotating stall 
Jne Equilibrium value of I n 
Jrnax Maximum value of squared rotating 

stall amplitude 
K(¢) Function, used in passivity analysis 
KG Entrance recovery coefficient 
Lc Length of ducts and compressor 
L[ Length of inlet duct 
LE Length of exit duct 
M1,M2,M3 Moments calculated in Galerkin approximation 

continued on next page 
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continued from previous page 
Ns Number of compressor stages 
N Number of revolutions per second 
N(p,) Number of rotating stall modes 
P Positive definite constant matrix 
P z Constant skew symmetric matrix 
P(¢) Matrix used in proof of Theorem 2.5 
Q Supplied heat 
Rn Residue nr. n used in Galerkin approximation 
R Mean compressor radius 
R Positive definite constant matrix 
Re Reynolds number 
R.6., R I , R2, R3 Resid ual sets 
S(z) Storage function 
TOI Inlet stagnation temperature 
U(ZI,Z2,J) PDF 
U Tangential speed of rotor 
UI Tangential speed of rotor, at diameter DI 
U2 Tangential impeller tip speed 
Ud Desired tangential speed of rotor 
Um Upper bound on UI 
Vp Plenum volume 
VI, V2 LFCs 

(V2) i Term number i in V2 
W Compressor characteristic semi width 
W(ZI,Z2) PDF 
WI Fluid velocity relative to moving impeller blades 
WIb Component of WI in blade direction 
WIJI Tangential component of WI 
We Compressor power 

Table B.5: Latin lowercase symbols 

a Reciprocal time lag of the compressor passage 
a Compressor characteristic slope 
as Sonic velocity 
am Max positive slope of compressor characteristic 
b Constant. U = bE 
C2, C3 Surge/stall controller gains 
C Constant. Used in convergence proof 
Cspeed Speed controller gain 
Cn Slope of backflow characteristic 

continued on next page 
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continued from previous page 
c~m,c~ax Lower and upper bound on C3 

cp Specific heat capacity at constant pressure 
Cv Specific heat capacity at constant volume 
dcjJ,dt/J Mass How and pressure biases 
dl ,d2 Surge/stall controller damping coefficients 
dt/J,dcjJ Estimates of biases 
dt/J,dcjJ Estimation errors 
d (dt/J dcjJ)T 
f Friction factor 
g(~,(J) Disturbance of axial How coefficient 
h(~,(J) Circumferential velocity coefficient 
hI, h2, h3 Weight functions used in Galerkin approximation 
h Specific enthalpy 
kl , k2, k3 Compressor characteristic coefficients 
kv Surge control law parameter 
kp,ki Proportional and integral gain of speed controller 
Ie Nondimensional compressor length 
Ii Nondimensionallength of inlet duct 
Ie Nondimensionallength of exit duct 
I Mean How length 
m,me Compressor mass How 
m Compressor duct How parameter 
me hoke Choking mass How 
p Pressure 
Pp Plenum pressure 
Pmax Upper bound on P used to calculate 02 (5.82) 
po,mo Equilibrium value of Pp and m 
Tn Phase angle of mode number n of rotating stall 
q Dimension of state space in Chapter 4 
s(~,z) Signal. Used in convergence proof 
s Specific entropy 
u Control variable 
v Specific volume 
ZI,Z2 Error variables 
z State vector. z = (Zl Z2)T 

Table B.6: Greek uppercase symbols 

AT/bf Loss in efficiency due to backHow 
AT/e Loss in efficiency due to clearance 
AT/v Loss in efficiency in the volute 
AT/d Loss in efficiency due to incomplete diffusion 

continued on next page 
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continued from previous page 
D.¢ Approximation error D.¢ = ¢o - ¢apprx (2.64) 
D.hoc Ideal specific enthalpy delivered to fluid 
D.hOc,ideai Total specific enthalpy delivered to fluid 
D.hii , D.hid Incidence losses in impeller and diffuser 
D.hfi , D.hfd Friction losses in impeller and diffuser 
r t Nondimensional turbine (drive) torque 
rc Nondimensional compressor torque 
r Positive definite constant matrix 
A1,A2 Constants in MG model 
~gl,g2 Feedback interconnection of 91 and 92, Theorem 3.1 
<I> Axial mass flow coefficient, annulus averaged 
<I>T(¢) Throttle mass flow coefficient 
<I>d Time varying mass flow disturbance 
W d(~) Monotonically decreasing non negative function 
¥d(~) Monotonically decreasing non negative functions 
W Pressure coefficient 
WT(¢) Throttle characteristic 
wv(¢] CCV characteristic 
wc(¢) Compressor characteristic 
we(¢) Equivalent compressor characteristic 
ws(¢) In-stall characteristic 
W es (¢) Equivalent in-stall characteristic 
~d Time varying pressure disturbance 

Table B.7: Greek lowercase symbols 

a Virtual control used in backstepping 
aI, a2, /31 , /32 Fluid angles 
/31b, /32b, alb, a2b Constant blade angles 
/3i Angle of incidence 
/31 , /32, /33 Class Koo functions 
,T Throttle gain, parameter proportional 

to throttle opening , CCV gain, parameter prop. to valve opening 
,1,,2 Adaption gains 
01,02 Constants 
..\, AI, A2 Constants 

(n 
A 

(n = nO - rn(~) 

'fJ Nondimensional x-coordinate 
'fJ0,'fJ1,'fJ2,'fJ3,'fJ4 Constants. Used in Young's inequality 
'fJi Isentropic efficiency 

continued on next page 
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continued from previous page 
0 Angular coordinate 
11:1, 11:2 Constants used in passivity proofs 
11: Ratio of specific heats, 11: = 2 

Cv 

J.L Viscosity 
VI, V2 Constants 
w Convergence rate 
~ Nondimensional time 
{2 Constant in the MG model 
P Density 
POI Inlet stagnation density 
(J Slip factor 
<; Constant 
Tt Turbine (drive) torque 
Tc Compressor torque 
Tc- ,T: Compressor torque for neg. and pos. flow 
Tdf Disc friction torque 
¢> Local axial mass flow coefficient 
¢>o Equilibrium value of ¢> 
¢apprx Approximation of ¢o 
¢choke Upper bound on ¢> 
¢>m Lower bound on ¢ 
¢ Velocity potential 
¢' Disturbance velocity potential 
'l/Jo Equilibrium value of 'l/J 

'l/Jco Shut off value of compressor characteristic 
WH Helmholtz frequency 
W Rotational velocity of spool 



APPENDIXC 

SOME THERMODYNAMIC AND 
FLUID MECHANICAL RELATIONS 

C.l Flow and Pressure Coefficients 

In this section various nondimensional quantities related to compressors are 
presented. 

Flow Coefficient 

The flow coefficient is defined as 

(C.l) 

where Cx is the axial velocity and U is the blade speed. Using the ideal gas 
law it is found that 

<P = POIRTol Cx = JRTol m..,flf'l'O; = v'RTol F (C.2) 
POI U U ApOl U' 

where F is known as the (nondimensional) flow function. Mention must be 
made to another form of non dimensional flow, the corrected mass flow defined 
as 

mJTOl/Tre! 
mcorr =. (C.3) 

Pol/Pre! 

The reference state is usually taken as sea level static. It can be shown that 
the corrected mass flow is related to the flow coefficient as 

JTol/Tref 
-1.._ m 
'f' - PrerlRU A corn (CA) 

that is, for constant U, <p is proportional to m corr . 
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Pressure Coefficient 

The total to static pressure rise coefficient is defined as 

,T, = Pl - POl 
'K pU2' (C.5) 

In Cohen et al. (1996) it is shown that 

(C.6) 

where 'TJi is the isentropic efficiency, ~T08 is the temperature rise in the stage 
and h08 is the enthalpy rise. The fraction Cp~T08IU2 is known as the tem­
perature coefficient. 

Speed Coefficient 

Blade speed U can be nondimensionalized by dividing with inlet stagnation 
sonic velocity aOl, 

U U D7rN D7r 
",RTol = ",RTref NcorTl (C.7) = 

where Ncorr = N I JTo ITref is known as the corrected speed. Note that by 
introducing the Greitzer B-parameter it is found that 

U D. /A.,L, 
- = RT Ncorr = 2B -v. . 
aOl '" ref p 

(C.8) 

Thus, B can be used as nondimensional compressor speed, and it is connected 
to Ncorr as 

(C.9) 

C.2 Isentropic Processes 

Let s denote specific entropy, u denote specific internal energy, v = Vim = 
p-l denote specific volume and h = u + pv denote specific enthalpy. Eastop 
and A.McConkey (1986) show that 

where 

dQ 
dS=T' 

dQ = du+pdv 

(C.1O) 

(C.lI) 
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is known as the differential form of the non-flow energy equation. It follows 
that 

Tds 

Tds 

du + pdv 

dh - vdp. 

With constant specific heat capacities cp and cv , 

Tds 

Tds 

cvdT + pdv 

cpdT - vdp. 

(C.12) 

(C.13) 

For isentropic processes, that is reversible and adiabatic, ds = 0, and accord­
ingly 

dT P = --dv 
Cv 

dT 
v 
-dp, 
cp 

(C.14) 

which in turn implies 
dp dv 
- = -K,-, 
p v 

(C.1S) 

where K = 52 is the ratio of specific heats. 
Cv 

C.3 Mass Balance of the Plenum 

The plenum process is assumed to be isentropic, which means that the dif­
ferential form (C.1S) of the isentropic relation is valid, so that 

dpp dvp dpp 
-=-K,-=K-' 
Pp vp Pp 

where it has been used that 

1 dp 
p=--:::;' 

v p 

dv 

v 

It follows that 
. Kpp . RT . Pp = -pp = K ppp. 

Pp 

The mass balance of the plenum is 

and it follows that 

. KRTp ( ) a; ( ) Pp = v.-- m - mt = V. m - mt , 
p p 

(C.16) 

(C.17) 

(C.1S) 

(C.19) 

(C.20) 
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where as = J ",RTp is the plenum sonic velocity. As velocities in the plenum 
are assumed negligible, ao can be used in (C.20). The speed of sound in the 
plenum will wary as both temperature and pressure in the plenum varies with 
time. In Simon et al. (1993), a time mean speed of sound in the plenum, as 
was used. Another approach to avoid using the plenum sonic velocity was 
taken by Greitzer (1976a). It was recognized that by assuming that the 
temperature ratios of the compression system are near unity, the quantity 
pp/pp = RTp is not appreciably different from POI/POl' Thus, the speed of 
sound at ambient conditions can be used in (C.20). This approach is also 
taken in this thesis. 

CA Flow through a Nozzle 
The stagnation temperature is 

1 2 
To =T+ -2 cx, 

cp 
(C.21) 

where T is the static temperature and Cx is the velocity of the flow. The 
Mach number is 

M- Cx - , 
as 

where 
as = J",RT, 

is the sonic velocity. Then C; = M2 ",RT and it follows that 

To = 1 + M2 ",R = 1 + '" - 1 M2. 
T 2cp 2 

Using the isentropic relation 

it is found that 

-= 1+--M2 Po ( '" -1 ) "~l 
P 2 

The mass flow is 
m = pACx , 

where A is the flow cross-sectional area. Alternative forms are 

m = pAMas = ApV",RTM = A !nm.jK,M 
vRT 

= A ~ E- !To.jK,M 
VRToPo V T ' 

(C.22) 

(C.23) 

(C.24) 

(C.25) 

(C.26) 

(C.27) 

(C.28) 
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where it is used that p = p/ RT. Then, by the use of (C.25) and (C.26), it is 
found that 

K+l 

Po (II: - 1 ) - 2(K-I) 
m = A f15Pf'l,jK,M 1 + -2-M2 

vRTo 
(C.29) 

The critical mass flow, or choked flow, is found by inserting M = 1 and using 
the ideal gas law in the form RTo = Po/Po. This gives 

mchoke = ( 2 )~ 
AVII:poPo 11:+ 1 (C.30) 

(C.31) 

C.5 Compressor Pressure Rise 

Here equation (5.50) for the compressor pressure rise is derived. The com­
pressor total to static isentropic efficiency can be written 

(C.32) 

where h2s is the outlet static enthalpy obtained with isentropic compression, 
hOI is the inlet stagnation, or total, enthalpy and h02 is the outlet stagnation, 
or total, enthalpy. 
Considering a perfect gas, we have that h = Tcp , where cp is the specific 
heat capacity at constant pressure. For a perfect gas, cp is constant. The 
efficiency now is 

To T, Ih-1 
(m U ) = 2s - 01 = TOI 'Tit ,IT, T, -=fu~-l 

02 - 01 TOI -
(C.33) 

Using the relation for isentropic compression (C.25), 

TOlcp ((~) 7 -1) 
Cp (T02 - TOl ) 

(C.34) 

For a radially vaned impeller (Watson and Janota 1982): 

(C.35) 

which can be rearranged to 

~ = (1 + rJi(m,UdLlhoc,ideal) "~1 
POI TOlcp 

(C.36) 



APPENDIXD 

INCLUDING A CCV IN THE 
MOORE-GREITZER MODEL 

Equation numbers starting with MG are references to the paper Moore and 
Greitzer (1986). 
Equation (MG5), which gives the pressure rise over the compressor is modi­
fied to 

P E - PI 1 (8CP 8CP) 
pU2 = N.F(cp) - 2a 2 8~ + 80 -1l1v(cp), (D.1) 

, # .... 
Equation (5) in Moore and Greitzer (1986) 

where 1l1v(cp) is the pressure drop across the CCV, and PE now is the pressure 
at the exit of the CCV. Using equation (MG23), the pressure rise over the 
equivalent compressor is written 

1 2 1l1e(cp) = N.F(cp) - 2CP -1l1v(cp). 
"----v------' 

\lI c{ ¢) 

(D.2) 

Using this, the local (in 0) and annulus averaged momentum balances (equa­
tions (MG42) and (MG43)), are modified to 

d~ 1 
1l1(~) + Ie d~ = 'l/Je(~ - YIIII) - 'l/Jv(~ - YIIII) - mY~ + 2a (2Y~1I1I + YIIIIII) (D.3) 

and 

(D.4) 

In the case of pure surge, that is Y == 0, the two momentum balances are the 
same and is reduced to 

(D.5) 
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which is the same expression as used in Simon (1993). The CCV has a 
characteristic given by 

(D.6) 

where, > 0 is proportional to the valve opening. Y is now represented by a 
single harmonic approximation 

Y* = W A(~)sin(O - r(~}} = W A(Osin((), (D.7) 

where A(O is the time varying stall amplitude. A residue R, is defined as 

(D.8) 

The Galerkin approximation is calculated using the weight functions 

hI = 1, hI = sin(, h2 = cos ( (D.9) 

and the inner product 

(D.10) 

Calculating (R, hi) = 0 for i = 1,2,3, we get 

1 r21r diP 
21r Jo 7/Je(iP + W A sin ()d( = W + le d~ (D.ll) 

1 r27r 1 dA 
211" Jo 7/Je(iP + WA sin () sin (d( = (m +;;:) d~ (D.12) 

M3 = 2~ 127r 7/Je(iP + WAsin()cos(d( 

dr 1 1 
-(d~(m +;;:) - 2a)A. (D.13) 

By using (D.2) and (2.9) the moments Mi are calculated to be 

11" ( 2HiP3 2W2A2 3HiPA2 4iP2 
MI = - 47/Jo----

2 W3 ,2 W ,2 
6HiP2 3HA2) + W2 + (D.14) 

M2 ~ (_ 3HiP2A _ 3HA3 _ 2AWiP + 6AHiP) 
2 W2 4 ,2 W (D.15) 

M3 O. (D.16) 

By combining (D.ll) to (D.13) with (D.14) to (D.16) and rearranging, the 
following differential equations, which correspond to (MG60) and (MG61), 



219 

for iI> and J = A 2 are found: 

<ii = H (_ 1J! - 'l/Jo _ ~ (!. _ 1) 3 + 1 
lc H 2 W 

(D.17) 

+~ (!. -1) (1-~) _ ~ (W 2 J + iI>2)) 
2 W 2 "(2 2H H 

(D.18) 

j = J (1- (!. _1)2 _ ~ _ ~ 4WiI» (y. 

W 4 "(2 3H 
(D.19) 

The differential equations for 'ljJ and r are left unchanged by the introduction 
of the CCV. 



APPENDIXE 

NUMERICAL VALUES USED IN SIMULATIONS 

I Symbol I value II Symbol I value II Symbol I value 

R O.lm p 1.15~ a8 340~ 
IE 8 II 2 Lc 3m 
Vp 1.5m" Ac O.Olm~ a 0.3 
H 0.18 W 0.25 'if;co 0.3 
I 0.03kgm'" m 1.75 

Table E.1: Numerical values used in the simulations of Chapters 2, 3 and 4. 

I Symbol I value II Symbol I value II Symbol I value 

D2 0.128m Dtl 0.074m Dh1 0.032m 
(J' 0.9 POl 105Pa P1 1.15~ 

T01 303K a1 1r/2 /3lb 0.61 
Re 100000 D 0.02m K 1.4 
cp 1005k-:K em 0.01 a01 340!!! 

8 

Vp 0.21m3 Lc 1.253m J .001kgm~ 

Table E.2: Numerical values used in the simulations of Chapter 5. 



APPENDIXF 

BOUNDS ON THE CONTROLLER PARAMETERS 
OF THEOREM 2.5 

In this appendix the upper and lower bounds on the controller gain C3 defined 
in Theorem 2.5 are calculated. The numerical values used are 

Table F.1: Numerical values 

The equilibrium value of the mass flow coefficient <Po is found by solving 
equation (2.65) with respect to <Po. The lower bound kl defined in (2.180) is 

(F.1) 

Using (2.186), the upper bound (2 is calculated as 

- <Pm - <Po 4 W ( , ( 2 <p~ 2<pm ) 
C2 = <Pm 3H (<PO-<Pm)W c <PO-<Pm)-C2(<PO-<Pm) - W2 - W +C2 

(F.2) 
With the help of symbolic toolbox in MATLAB, the following expressions 
are found for (3, (4, k3 and ~: 

k3 (C2' <Pchoke) 
To +Tl (F.3) 
2V4 J rnax 

(3 (C2' <Pc hoke ) 
To -Tl 

(FA) 
2V4 J rnax 

, 
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where 

To -4 ¢~hoke - 8 ¢choke ¢o - 4 ¢~ + 3 HW Jrnax ¢choke ¢o 

-3 W 2 H Jrnax ¢choke - 3 W2 H Jrnax ¢o + 3 HW Jrnax ¢~hoke 

and 

+2 W4Jrnax C2 

Tl = -2../2..;T; 
T2 - (3 HW Jrnax ¢~hoke - 2 ¢~hoke - 4 ¢choke ¢o 

-3 W2 H Jrnax ¢choke + 3 HW Jrnax ¢choke ¢o 
+2 W4 Jrnax C2 - 2 ¢~ - 3 W2 H Jrnax ¢o) (¢choke + ¢O)2 

To +Tl 
2V4Jrnax 
To -Tl 
2V4Jrnax ' 

where 

To -4 (-¢m)2 - 8 (-¢m) ¢o - 4¢~ + 3HW Jrnax (-¢m) ¢o 

(F.5) 

(F.6) 

-3 W2 H Jrnax (-¢m) - 3 W 2 H Jrnax ¢o + 3 HW Jrnax (-¢m)2 
+2 W4Jrnax C2 

Tl -2../2..;T; 
T2 - (3 HW Jrnax (-¢m)2 - 2 (-¢m)2 - 4 (-¢m) ¢o 

-3 W2 H Jrnax (-¢m) + 3 HW Jrnax (-¢m) ¢o 

+2 W4 Jrnax C2 - 2 ¢~ - 3 W2 H Jrnax ¢o) (( -¢m) + ¢O)2 

As the value of ¢o depends on the choice of C2 and C3, the gains have to 
be chosen first, then ¢o is calculated, and finally the bounds c~in and c~ax 
have to be calculated and checked against C3. After some iterations of this 
procedure the following gains are used: C2 = 1 and C3 = 0.55, ¢o is calculated 
to ¢o = 0.34 and the bounds are calculated to be 

kl (C2' ¢o) 0.52 

C2(C2, ¢o, ¢m) 2.24 

kJ(C2, ¢o, ¢choke) 0.33 

C3(C2, ¢o, ¢choke) = 419.34 

~(C2' ¢o, ¢m) 0.0011 

C4(C2, ¢o, ¢m) 6.83. 

Now, 

C3in maxikl' k3' ~} 
max {0.52, 0.33, 0.0011} 

= 0.52, (F.7) 



and 

c~ax min {C2(C2, rpm), C3(C2, rpchoke), C4(C2, rpm)} 
min {2.24, 419.34, 6.83} 

2.24. 

As can be seen the choice C3 = 0.55 now satisfies 

C~in = 0.52 < C3 = 0.55 < c~ax = 2.24. 

225 

(F.8) 

(F.9) 


